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Abstract
The mass-type quadrupole moment of inspiralling compact binaries (without spins) is computed
at the fourth post-Newtonian (4PN) approximation of general relativity. The multipole moments
are defined by matching between the field in the exterior zone of the matter system and the PN field
in the near zone, following the multipolar-post-Minkowskian (MPM)-PN formalism. The matching
implies a specific regularization for handling infra-red (IR) divergences of the multipole moments
at infinity, based on the Hadamard finite part procedure. On the other hand, the calculation
entails ultra-violet (UV) divergences due to the modelling of compact objects by delta-functions,
that are treated with dimensional regularization (DR). In future work we intend to systematically
study the IR divergences by means of dimensional regularization as well. Our result constitutes an
important step in the goal of obtaining the gravitational wave templates of inspiralling compact
binary systems with 4PN/4.5PN accuracy.
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I. INTRODUCTION
The post-Newtonian (PN) approximation has played a crucial role in the data analysis of
the recent discovery by the LIGO-Virgo detectors of gravitational waves (GW) generated by
the coalescence of two neutron stars [1]. It also constitutes an important input for validating
the early inspiral phase of the coalescence of two black holes [2, 3]. In this paper, motivated
by the need of improving the accuracy of template waveforms generated by inspiralling
compact binaries (neutron stars or black holes), notably in view of the future LISA mission,
we tackle the computation of the mass-type quadrupole moment of compact binary systems
(without spins) at the high 4PN approximation level.1 This calculation is part of our current
program to obtain the orbital phase evolution and waveform of inspiralling binaries up to
the 4.5PN approximation.
So far the main results achieved in this program are:2
1. The non-linear effects in the GW propagation (so-called tails-of-tails-of-tails) that are
responsible for the 4.5PN coefficient in the energy flux for circular orbits [5]. This result
has been confirmed by an independent PN reexpansion of resummed waveforms [6];
2. The conservative part of the equations of motion up to the 4PN order, obtained from
the Fokker Lagrangian in harmonic coordinates [7–11]. This result has also been
obtained by means of the canonical Hamiltonian formalism of general relativity [12–
16], and by the effective field theory (EFT) [17–22].
The next steps are the computation of the multipole moments of the compact binary
source to consistent order. To control the GW energy flux at the 4PN order, we essentially
need the mass-type quadrupole moment at the 4PN order (it is currently known at the
3.5PN order [23–26]) and the current-type quadrupole moment at the 3PN order; indeed
the other moments are already known, see for instance [25]. In particular, the mass-type
octupole moment at the 3PN order has been computed in [27]. To control the waveform
and polarisation modes at the 4PN order we need more precision, for instance the current
quadrupole and mass octupole moments would be needed up to 3.5PN order.
The multipole moments are defined within the so-called MPM-PN formalism, which con-
sists in computing the external field of the source by means of a multipolar-post-Minkowskian
(MPM) expansion [28–31], which is matched to the inner field obtained by direct PN itera-
tion [32–35]. Two possible alternative approaches also able to compute multipole moments
at high PN orders, are the direct integration of the relaxed field equations (DIRE) [36] and
the EFT [37], both being currently developed at the 2PN order. See also Ref. [38] for a
discussion on various alternative definitions of multipole moments for radiating space-times.
In the present paper we are devoted to the (long and demanding) computation of the
mass quadrupole moment of compact binary systems at the 4PN order. As in the problem
of the equations of motion, a very important aspect of the calculation is the proper use of
regularizations. At the 3PN order, it was found that ultra-violet (UV) divergences occur,
due to the model of point particles, and have to be dealt with dimensional regularization
1 Here 4PN refers to the terms of order 1/c8 in the waveform and energy flux, i.e. beyond the Einstein
quadrupole formula. Seen as a small dissipative radiation reaction effect, this corresponds to the order
6.5PN or 1/c13 in the equations of motion, beyond the Newtonian acceleration.
2 See Ref. [4] for a review of previous (pre-4PN) works.
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(DR) [39, 40]. At the 4PN order in the equations of motion, not only are there UV diver-
gences, but also infra-red (IR) ones, linked to the presence of tails at 4PN order, and those
must also be cured by means of DR [9]. In particular it was shown that DR completely re-
solves the problem of ambiguity parameters in the 4PN equations of motion [10]. Equivalent
results were obtained recently by the EFT approach [20–22].
In the present computation we shall use DR for the UV divergences but leave open
the problem of the IR divergences. Indeed this problem requires a separate analysis and is
independent from the long calculations we perform in this paper. Therefore we shall continue
to use, as in all our previous works [4], the Hadamard partie finie procedure consisting of
using the natural regulator rB = |x|B in the multipole moments and selecting the finite part
in the expansion when B → 0 (thus throwing away the poles 1/Bn). This specific procedure
comes as a direct consequence of the matching between the MPM exterior field and the near
zone PN metric in 3 dimensions [32–35].
However the recent work on the equations of motion showed that a combination of the
Hadamard procedure together with DR is required in the presence of IR divergences. This
is the so-called “ηε” regularization scheme introduced in Ref. [10], which we shall better
rename here the “Bε” regularization since the extra parameter η (in addition to ε = d− 3)
is nothing but B in the Hadamard partie finie process. In the Bε regularization the limit
B → 0 is considered first and shown to be finite (i.e., no poles ∝ 1/B) for generic non-integer
values of ε [10]. Then the limit ε → 0 is applied and this reduces to the standard DR; in
particular, the poles ∝ 1/ε are renormalized by appropriate shifts of trajectories. Again we
postpone to future work the task of understanding whether the Hadamard partie finie IR
regularization should be replaced by the “Bε” regularization.
The plan of this paper is as follows. In Sec. II we recall from previous works the def-
initions of the general mass multipole moments (of order ℓ) in d dimensions. In Sec. III
we express the 4PN quadrupole moment in terms of elementary potentials, and find that
all the terms can be computed, thanks in particular to the techniques of super-potentials
and of surface-integrals. The problem of the dimensional regularization of UV divergences
(including distributional derivatives of singular functions) is dealt with in Sec. IV, and the
computation of the various types of potentials and terms is done in Sec. V. Crucial to this
calculation is the application of certain UV shifts of the trajectories determined in previ-
ous works on the 4PN equations of motion. Finally we present in Sec. VI the 4PN mass
quadrupole moment in the case of circular orbit. The complete expression of the 4PN met-
ric in d dimensions is relagated in Appendix A; the shifts are given in Appendix B; finally
we give in Appendix C the exhaustive list of all the terms composing the 4PN quadrupole
moment in terms of elementary potentials.
3
II. THE MASS-TYPE MULTIPOLE MOMENTS
We provide first the expression of the ℓ-th order mass-type multipole moments of a general
isolated source in 3 dimensions:3
IL(t) = FP
B=0
∫
d3x
(
r
r0
)B ∫ 1
−1
dz
{
δℓ(z) xˆLΣ− 4(2ℓ+ 1)
c2(ℓ+ 1)(2ℓ+ 3)
δℓ+1(z) xˆiL Σ
(1)
i
+
2(2ℓ+ 1)
c4(ℓ+ 1)(ℓ+ 2)(2ℓ+ 5)
δℓ+2(z) xˆijLΣ
(2)
ij
}
(x, t+ zr/c) . (2.1)
The source terms are defined from the PN expansion of the components of the pseudo stress-
energy tensor of the matter system in harmonic coordinates, i.e. τµν where the overbar
means the PN expansion, as (with τ ii = δijτ
ij)
Σ =
τ 00 + τ ii
c2
, Σi =
τ 0i
c
, Σij = τ
ij . (2.2)
The pseudo stress-energy tensor is defined from the gauge-fixed Einstein field equations as
hµν =
16πG
c4
τµν , (2.3)
where  ≡ η is the flat d’Alembertian operator and the field variable is defined by hµν =√−g gµν − ηµν , with g = det(gρσ) and ηµν = diag(−1, 1, 1, 1). It obeys the usual harmonic
coordinates condition ∂νh
µν = 0. The pseudo tensor is composed of a matter part and a
gravitational part that we denote as
τµν = |g|T µν + c
4
16πG
Λµν , (2.4)
where T µν is the matter stress-energy tensor, and Λµν represents the gravitational source
term which is a complicated non-linear, at least quadratic, functional of hρσ and its first and
second space-time derivatives.
An important feature of Eq. (2.1) is the presence of the Hadamard finite part (FP) when
B → 0, with regularization factor (r/r0)B where r = |x| and r0 is an arbitrary length
scale. The role of this finite part operation is to deal with the IR divergences initially
introduced in the multipole moments by the fact that the PN-expanded integrand of the
multipole moments is valid in the near zone, and typically diverges at spatial infinity (when
r → +∞). This specific regularization of the multipole moments is actually imposed by the
matching between the inner PN field and the outer MPM field, given the particular way the
MPM metric is generated at each post-Minkowskian order [33]. However, as mentioned in
3 The notation is: L = i1 · · · iℓ for a multi-index composed of ℓ multipolar indices i1, · · · , iℓ; iL = ii1 · · · iℓ
for a multi-index with ℓ + 1 indices; xL = xi1 · · ·xiℓ for the product of ℓ spatial vectors xi = xi. The
symmetric-trace-free (STF) projection is denoted by xˆL = STF(xi1 · · ·xiℓ), or sometimes using brackets
surrounding the indices, for instance x〈LvP 〉. Similarly, ∂L = ∂i1 · · · ∂iℓ for the product of ℓ partial
derivatives ∂i = ∂/∂x
i, and ∂ˆL = STF(∂i1 · · ·∂iℓ). In the case of summed-up (dummy) multi-indices L,
we do not write the ℓ summations from 1 to 3 over their indices. The superscript (n) denotes n time
derivatives.
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Sec. I, more work is required to investigate whether the IR divergences should be treated
instead by a variant of DR (i.e., the Bε regularization of Ref. [10]).
Concerning the UV divergences, they may be cured using the Hadamard partie finie
regularization up to the 2PN order. As is well known, this technique fails at the 3PN and
4PN orders where DR has to be systematically used. In our practical calculation, a first
evaluation using the Hadamard partie finie for the UV divergences is done, and then we
systematically add the appropriate correction accounting for the DR.
The functions Σ, Σi and Σij in the integrand of Eq. (2.1) are evaluated at the spatial
point x and at time t+zr/c where r = |x|. In addition there is the extra integration variable
z entering the auxiliary function
δℓ(z) =
(2ℓ+ 1)!!
2ℓ+1ℓ!
(1− z2)ℓ ,
∫ 1
−1
dz δℓ(z) = 1 . (2.5)
But in fact, as we are going to compute the PN expansion of IL, the integral over z is given
as an explicit asymptotic PN series using the property of the functions δℓ(z) that∫ 1
−1
dz δℓ(z) Σ(x, t+ zr/c) =
+∞∑
k=0
αk,ℓ
(
r
c
∂
∂t
)2k
Σ(x, t) , (2.6a)
with αk,ℓ ≡ (2ℓ+ 1)!!
(2k)!!(2ℓ+ 2k + 1)!!
. (2.6b)
Therefore, IL(t) is just a sum of time derivatives of 3-dimensional integrals of PN quantities
depending on the pseudo stress-energy tensor τµν(x, t).
In the case of a compact binary source we use the usual point-particle stress-energy tensor
for the matter. We write the components of the matter tensor for two particles as
T µν = µ1 v
µ
1 v
ν
1 δ(x− y1) + 1↔ 2 , (2.7)
where vµ1 = dy
µ
1 /dt is the coordinate velocity of the particle, v
µ
1 = (c, v
i
1), and δ is the
3-dimensional Dirac function. We have (with m1 the constant PN mass)
µ1(t) =
1√
−(g)1
m1√
−(gµν)1 v
µ
1
vν
1
c2
. (2.8)
As we shall use DR for the UV divergences, we require the generalization of the expression
of the multipole moments to d dimensions. The formula for the general ℓ-th mass-type
multipole moment reads [40]
IL(t) =
d− 1
2(d− 2) FPB=0
∫
ddx
(
r
r0
)B{
xˆLΣ[ℓ]
− 4(d+ 2ℓ− 2)
c2(d+ ℓ− 2)(d+ 2ℓ) xˆiL Σ
(1)
i[ℓ+1]
+
2(d+ 2ℓ− 2)
c4(d+ ℓ− 1)(d+ ℓ− 2)(d+ 2ℓ+ 2) xˆijLΣ
(2)
ij[ℓ+2]
− 4(d− 3)(d+ 2ℓ− 2)
c2(d− 1)(d+ ℓ− 2)(d+ 2ℓ)B xˆiL
xj
r2
Σij[ℓ+1]
}
(x, t) . (2.9)
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The overall d-dependent factor in front is such that (2.9) reduces to the usual Newtonian-
looking expression of the multipole moments in the Newtonian approximation, given by
IL = m1 yˆ
L
1 + 1 ↔ 2 + O(c−2). The last term of (2.9) will in fact not contribute because
of the B and the d− 3 factors appearing simultaneously. To see this one splits the integral
into a near-zone contribution r < R and a far-zone one r > R. In the near zone integral
one has to apply the limit B → 0 since there are no IR divergences (hence no poles ∝ 1/B),
while the far zone one which is UV-finite is to be computed with d = 3, so both integrals
are separately zero. In future work we shall investigate the fate of the last term in Eq. (2.9)
within the Bε regularization.
As before the source terms are defined from the PN expansion of the pseudo stress-energy
tensor in d dimensions, τµν , defined by the Einstein field equations in harmonic coordinates,
which take the same form as in Eqs. (2.3)–(2.4), except that the Newton constant there
reads G = ℓd−30 GN, where ℓ0 is the characteristic length scale associated with DR and GN is
the Newton constant in 3 dimensions. We have
Σ =
2
d− 1
(d− 2)τ 00 + τ ii
c2
, (2.10)
while Σi and Σij take the same form as in (2.2). Of course the matter terms are still given
by the point mass expressions (2.7)–(2.8) but with now δ = δ(d), the Dirac function in d
dimensions. The generalization of Eqs. (2.5)–(2.6) to d dimensions reads as
Σℓ(x, t) =
∫ 1
−1
dz δ
(ε)
ℓ (z) Σ(x, t + r/c) , (2.11)
where we have posed ε = d− 3, and
δ
(ε)
ℓ (z) ≡
Γ
(
ℓ+ 3
2
+ ε
2
)
Γ
(
1
2
)
Γ
(
ℓ+ 1 + ε
2
) (1− z2)ℓ+ ε2 , ∫ 1
−1
dz δ
(ε)
ℓ (z) = 1 . (2.12)
In practice we only need the formal PN expansion
Σ[ℓ](x, t) =
+∞∑
k=0
αkℓ
(
r
c
∂
∂t
)2k
Σ(x, t) , (2.13)
with the numerical coefficients now being given by
αkℓ =
1
22kk!
Γ(ℓ+ d
2
)
Γ(ℓ+ d
2
+ k)
. (2.14)
It is very useful to define for the matter stress-energy tensor the following matter currents
σ =
2
d− 1
(d− 2)T 00 + T ii
c2
, σi =
T 0i
c
, σij = T
ij , (2.15)
that are given in the case of compact binary systems by
σ = µ˜1 δ(x− y1) + 1↔ 2 , (2.16a)
σi = µ1v
i
1 δ(x− y1) + 1↔ 2 , (2.16b)
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σij = µ1v
i
1v
j
1 δ(x− y1) + 1↔ 2 , (2.16c)
where y1 = (y
i
1) is the particle’s position, v1 = dy1/dt = (v
i
1) the coordinate velocity, and
we have introduced, besides µ1 which keeps the same expression as in 3 dimensions, see
Eq. (2.8), the useful tilded version
µ˜1 =
2
d− 1
(
d− 2 + v
2
1
c2
)
µ1 . (2.17)
The matter current densities (2.16) generate all the compact-support terms in the expression
of the quadrupole moment.
III. THE QUADRUPOLE MOMENT AS A FUNCTION OF POTENTIALS
A. The elementary potentials
To start our derivation of the quadrupole moment we need to inject into (2.9) the PN
metric h
µν
which is an explicit solution of the Einstein field equations (2.3) valid in the
near zone. In our recent computation of the equations of motion by means of the Fokker
Lagrangian, the order to which the PN metric had to be expanded was given by the so-called
“n + 2” method [7]. In the case of the mass quadrupole moment, such a method does not
exist, and h
µν
has to be expanded to higher PN order. We find that the metric components
h
00
, h
0i
and h
ij
are respectively to be expanded up to orders c−8, c−7 and c−8 included.
Thus, we need h
00
and h
0i
at 3PN order (remind that c−8 in h
00
actually corresponds to
3PN), and h
ij
at the 4PN order.
Building up on previous works [23, 24, 27, 41] we parametrize the metric with appropriate
PN elementary retarded potentials, namely scalar potentials V , K, Xˆ and Tˆ , vector poten-
tials Vi, Rˆi and Yˆi, and tensor ones Wˆij, Zˆij and Mˆij . The structure of our parametrization
in 3 dimensions is
h
00
= −4V
c2
− 2
c4
(
Wˆ + 4V 2
)
− 8
c6
(
Xˆ + · · ·
)
− 64
c8
(
Tˆ + · · ·
)
+O(c−10) , (3.1a)
h
0i
=
4Vi
c3
+
8
c5
(
Rˆi + ViV
)
+
16
c7
(
Yˆi + · · ·
)
+O(c−9) , (3.1b)
h
ij
= − 4
c4
(
Wˆij − 1
2
δijWˆ
)
− 16
c4
(
Zˆij − 1
2
δijZˆ
)
− 32
c8
(
Mˆij + · · ·
)
+O(c−10) . (3.1c)
The ellipsis symbolizes non-linear products of these elementary potentials. The complete
expression of the metric at 4PN order in d dimensions is given in Eqs. (A1) of Appendix A.
The potentials obey some imbricated flat space-time wave equations. Some have a compact
support like
V = −4πGσ , Vi = −4πGσi , (3.2)
while there are many quadratic non-linear terms (sometimes called “∂V ∂V ”) such as in
Wˆij = −4πG
(
σij − δij σkk
)− ∂iV ∂jV , (3.3)
and higher order terms (called “non-compact”) such as the cubic term Wˆij ∂ijV in
Xˆ = −4πGV σii + Wˆij ∂ijV + 2Vi∂t∂iV + V ∂2t V +
3
2
(∂tV )
2 − 2∂iVj∂jVi . (3.4)
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See Eqs. (A4)–(A5) for thorough definitions of all these potentials in d dimensions. Among
these note that the only purely 4PN potential which is needed for the 4PN quadrupole
moment is Mˆij (new with the present paper), which obeys the equation in 3 dimensions:
Mˆij = Gπ
[(
−4ViVj + δij(2VaVa + Xˆ)
)
σ + 4
(
Rˆ(i + V V(i
)
σj) − 2Wˆa(iσj)a (3.5)
− 4V 2σij + δij
(
−2Rˆbσb − 2V Vmσm + 1
2
Wˆklσkl + V
2σpp − 1
2
Wˆσqq
)]
− ∂tVi∂tVj + Va∂t∂aWˆij + 2V(i∂aVj)∂aV − ∂tWˆ(ia∂aVj)
+
1
2
Wˆab∂abWˆij − 1
2
∂aWˆib∂bWˆja +
1
2
Wˆ(ia∂aV ∂j)V − 1
4
∂iWˆab∂jWˆab
− 2∂aV(i
(
∂j)Rˆa + Va∂j)V
)− 2∂aRˆ(i∂j)Va + ∂tWˆ(ia∂j)Va + ∂bWˆa(i∂j)Wˆab
+ 2∂(iVa∂j)Rˆa +
(
−2∂tRˆ(i + 1
2
V(i∂tV − ∂(iXˆ
)
∂j)V + V
(1
2
∂2t Wˆij − 2∂tV(i∂j)V
)
+ δij
[
−1
2
Va∂t∂aWˆ − 1
4
V 2∂2t V + ∂tRˆa∂aV −
1
4
Wˆab∂abWˆ + ∂aVb∂bRˆa
− 1
8
Wˆab∂aV ∂bV − 1
2
∂tWˆab∂aVb − 1
4
∂aWˆbc∂cWˆab − 1
4
Va∂tV ∂aV
+ V
(3
8
(∂tV )
2 − 1
2
Va∂t∂aV − 1
4
∂2t Wˆ + ∂tVa∂aV −
1
4
Wˆab∂abV +
1
2
∂aVb∂bVa
)]
.
Inserting the PN metric into the mass quadrupole moment, we obtain the full expression
in terms of the latter PN potentials. However we do not know explicitly all the potentials
(either in 3 or d dimensions), since they are solutions of complicated wave equations such
as (3.5). Thus, crucial simplifications of the result have to be performed first, in order to put
the expression into computable form; see the complete result for all the terms in Appendix C.
B. The method of super-potentials
The first technique we have used in order to be able to compute all the terms at the
4PN order is the method of “super-potentials”. Many of the most difficult terms are of the
form φP where φ is a simple potential or derivative of a potential, and P is a complicated
potential whose expression in the whole space is not known. For instance P could be the 4PN
potential Mˆij entering the spatial components of the metric and obeying the equation (3.5).
On the other hand, in our case φ is one of the following potentials: ∂ijV , ∂t∂iV or ∂jVi.
To compute the integral
∫
d3x rB xˆL φP (in 3 or d dimensions) we notice that xˆL φ may
be recast in the form of a Laplace operator acting on some solution ΨφL:
∆ΨφL = xˆLφ . (3.6)
Assuming that ΨφL can be constructed analytically, a mere integration by part yields a
volume integral whose source is known explicitly, namely − ∫ d3x rB ΨφL∆P , plus terms
that are essentially surface integrals at infinity when the Hadamard finite part is applied.
Now, as it turns out, it is possible to construct the solution ΨφL by defining the super-
potentials of φ as the hierarchy of solutions φ2k of the sequence of Poisson equations
∆φ2k+2 = φ2k , (3.7)
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together with φ0 = φ. We thus have ∆
kφ2k = φ. The solution of Eq. (3.6) is then given in
analytic closed form as [42]
ΨφL = ∆
−1
(
xˆL φ
)
=
ℓ∑
k=0
(−2)kℓ!
(ℓ− k)! x〈L−K∂K〉φ2k+2 . (3.8)
This formula has been derived by induction in 3 dimensions in [42] but the proof works as
well in d dimensions and no extra factor needs to be added. The precise choice of the Poisson
solutions involved in the above algorithms is irrelevant for this particular problem, hence
the operator ∆−1 has not been precisely defined in Eq. (3.8). However, it is convenient in
practice to take ∆−1 = ∆˜−1, where ∆˜−1 = FPB=0∆
−1(r/r0)
B represents the Poisson integral
regularized at infinity by means of the Hadamard finite part prescription.
With this tool in hands, we can thus transform the integral we were looking for into the
much more tractable form∫
d3x rB xˆL φP =
∫
d3x rB
(
ΨφL∆P + ∂i
[
∂iΨ
φ
LP −ΨφL∂iP
])
. (3.9)
The first term involves the source of the potential P , and is therefore computable, while the
second one is a surface term, which is also computable [see Sec. IIIC]. For instance, in the
case where P = Mˆij , with Mˆij being the 4PN tensor potential, we will replace ∆Mˆij by the
source given explicitly by Eq. (3.5), which is correct since we are already at the maximal
4PN order and thus Mˆij is merely Newtonian.
In general φ will be equal to some derivative of a compact-support potential, such as φ =
∂abV where V is given in (3.2), but let us illustrate the computation of the super-potentials
with the simpler case φ = V . The compact source of this potential is σ = µ˜1δ(x−y1)+1↔ 2
where µ˜1 is a function of time defined by Eq. (2.17). Using the symmetric propagator (we
neglect the odd dissipative effects which do not impact our calculation here4) we have
V =
+∞∑
k=0
(
∂
c∂t
)2k
U2k , (3.10a)
where U2k = −4πG∆−k−1
[
µ˜1δ(x− y1)
]
+ 1↔ 2 . (3.10b)
From that definition we see that U2k is the super-potential of the Newtonian potential U
obeying the Poisson equation ∆U = −4πGσ. It is straightforward to compute the functions
U2k using the Appendix B of [43] and we find
U2k =
G k˜
2k(2k)!!
Γ(2− d
2
)
Γ(k + 2− d
2
)
µ˜1 r
2k+2−d
1 + 1↔ 2 , (3.11)
generalizing Eq. (4.18) in [42] to d dimensions. Finally, from Eqs. (3.10) we see that the
super-potentials of V are given in terms of those of U by
V2k =
+∞∑
j=0
(
∂
c∂t
)2j
U2k+2j . (3.12)
4 We have checked explicitly that dissipative contributions that are even in powers of 1/c, due for instance
to the coupling of two odd terms, never arise in the mass quadrupole at the 4PN order.
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By inserting (3.12) into (3.8) we can obtain at each PN order an explicit expression for
the superpotential ΨVL . To compute that quantity but for some space-time derivative of a
potential, for instance Ψ∂abVL or Ψ
∂t∂aV
L , we proceed in a similar way as all the space and
time derivatives commute. Finally we are able to compute in a straightforward way all the
super-potentials we need [see Table I].
C. Integrations by part and surface terms
The second technique to simplify the expression of the quadrupole moment is to integrate
some terms by part and transform volume integrals into simpler surface integrals at infinity.
For instance, we systematically rewrite integrals involving the double gradient of a simple
compact-support potential like V , defined in (3.2), and a difficult one P (with non-compact
support) as
∂iV ∂iP =
1
2
[
∆(V P )− V∆P − P∆V
]
. (3.13)
The second term in (3.13) is much simpler because it contains (modulo higher PN correc-
tions) the source of the potentials P , i.e. ∆P = S + O(c−2). The third term is also easy
to evaluate because it depends only on the value of the potential P at the location of the
particles, since V has a compact support: ∆V = −4πGσ +O(c−2).
As for the first term in (3.13), it yields an example of a so-called “Laplacian term”,
coming after integration by parts from the derivation of the regularization factor (r/r0)
B. It
is made of a surface integral at infinity, plus a possible volume integral whose expression in
terms of the potentials is significantly simpler than the original one, see below. The surface
integrals of the Laplacian terms, as well as the analogous so-called “divergence terms”, are
very easy to integrate within the Hadamard finite part prescription. Therefore, we keep as
much as possible the terms into Laplacian or divergence form.
Following [24] the generic Laplacian term, e.g., coming from the first term in the right
side of (3.13) with G = 1
2
V P , reads
TL = FP
B=0
∫
d3x
(
r
r0
)B
xˆL r
2k∆G , (3.14)
where the factor r2k (with k ∈ N) arises when applying the formula (2.13) that implements
the integration with respect to z. Integrating the Laplacian by parts, we obtain
TL = 2k(2k + 2ℓ+ 1) FP
B=0
∫
d3x
(
r
r0
)B
xˆL r
2k−2G
+ FP
B=0
B(B + 4k + 2ℓ+ 1) r−B0
∫
r>R
d3x rB−2xˆL r
2kG . (3.15)
Thanks to the prefactor B, the second integral can be restricted to the far zone: r > R,
whereR is an arbitrary length. Indeed, the matching equation which leads to the expressions
of the multipole moments is originally applied for smooth matter distributions, so that the
metric is smooth everywhere in the near zone. As such, G is also smooth there and, due to
the factor B, the near zone contribution is zero after the FP procedure. (In practice, the
point-particle approximation leads to UV divergences, but these are separately treated by
DR, in which the FP plays no role.)
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Because of the B prefactor in (3.15), we need to look at the 1/B pole in the integral.
This pole can only come from a radial integral of the form
∫ +∞
R
dr rB−1 = −RB/B. Thus,
considering the asymptotic expansion of G when r →∞, which we denote byM(G) as it is
identical to the multipole expansion, we find that the pole comes only from the term of order
r−2k−ℓ−1 in that expansion. At the 4PN order, we also obtain a logarithmic dependence in
the asymptotic expansion of some of the potentials. Hence, if we define Xp(n) and X
ln
p (n)
to be the coefficients of r−p−1 and r−p−1 ln r in the multipole expansion, we have
M(G) = · · ·+ 1
r2k+ℓ+1
[
X2k+ℓ(n) +X
ln
2k+ℓ(n) ln
(
r
r0
)]
+ o
(
r−2k−ℓ−1
)
, (3.16)
so that we finally obtain (applying the definition of the FP)
TL = 2k(2k + 2ℓ+ 1) FP
B=0
∫
d3x
(
r
r0
)B
xˆL r
2k−2G
+
∫
dΩ nˆL
[
−(4k + 2ℓ+ 1)X2k+ℓ(n) +X ln2k+ℓ(n)
]
. (3.17)
The first integral is still of the form (3.14) except that the Laplacian factor ∆G has been
replaced by G itself. Since the latter quantity is typically the product of several potentials (or
their derivatives), the integrand has actually been simplified. As for the second integral, it is
a surface contribution that depends on neither scale R nor r0. In the important case where
k = 0,5 the coefficient of the first term in Eq. (3.17) vanishes and the only task consists in
evaluating the angular integral involving the 1/rℓ+1 coefficients of G. In particular, there is
then no need to know (and in general we do not know) G everywhere but just its asymptotic
expansion, which is computed from the known source of the potential [see Sec. VD].
The other surface integrals occurring are the “divergence terms”, for instance the second
term in the right side of (3.9). Indeed, most of these terms come from the method of
super-potentials. They are of the form
K = FP
B=0
∫
d3x
(
r
r0
)B
∂iHi . (3.18)
A similar reasoning to the one before shows that they depend only on the 1/r2 coefficient,
say Yi(n), in the asymptotic or multipole expansion M(Hi) when r →∞:
M(Hi) = · · ·+ 1
r2
[
Yi(n) + Y
ln
i (n) ln
(
r
r0
)]
+ o
(
r−2
)
, (3.19)
and the FP procedure yields simply
K =
∫
dΩniYi(n) . (3.20)
We find that there in no contribution from the logarithm in (3.19).
5 We have presented in (3.17) a general formula, but in fact with our conventions for the simplification of
the 4PN quadrupole moment, we shall need only the case k = 0.
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By the previous method, we have to obtain the asymptotic expansion when r → +∞
of G or Hi [Eqs. (3.16) or (3.19)], where G and Hi are made of products of derivatives of
potentials, involving in general one potential which is not known in the whole space, for
instance the 4PN potential P = Mˆij or its trace. To find the expansion when r → +∞ of
such potential, we rely on the method explained in Sec. VD.
Once the latter two techniques — super-potentials and surface integrals — have been
applied, one obtains an extremely long expression for the quadrupole moment as a function
of potentials and super-potentials, where all terms can be explicitly integrated. The full
result is presented in the Appendix C.
IV. DIMENSIONAL REGULARIZATION OF UV DIVERGENCES
Our approach being based on an effective representation of the bodies by Dirac distri-
butions, it relies on DR to deal with the divergences related to the point-like character of
the object description. As stressed in Sec. I, this regularization was shown, both by tradi-
tional PN methods and by the EFT, to be able to tackle this issue properly and without
ambiguities at the 3PN order and beyond.
A. Regularization of potentials and volume integrals
The computation of the volume integrals that remain in the quadrupole after the treat-
ment of Laplacian and divergence terms requires the potentials in d dimensions but only in
the form of a local expansion around the particles y1,2 (third column in the list of potential
presented in Table I), since it is ultimately the difference between the 3-dimensional po-
tential computed by means of Hadamard’s regularization and its d-dimensional counterpart
that we really need to control, and that the parts outside the singularities cancel in the
limit d → 3. The compact parts of potentials pose no problem as we just have to iterate
the symmetric propagator with the Green function of the Laplace operator in d dimensions.
Notably, the Poisson solution of ∆u1 = −4πδ(d)(x− y1) reads6
u1 = k˜ r
2−d
1 , k˜ =
Γ(d−2
2
)
π
d−2
2
. (4.1)
To compute potentials in d dimensions one needs in principle the generalization of functions
such as g given by (5.6) in d dimensions. This is known in the case of g, but it is rather
cumbersome and needed only if one wants to compute the potentials in d dimensions in
the whole space. However, the expansion of g in d dimensions around y1,2 is quite handy,
and given by the Appendix B of [7]. Therefore, while some potentials cannot be easily
computed for any x ∈ Rd, we can compute them around the singularities y1,2, which is
actually sufficient to apply the DR.
In Hadamard’s regularization, the 3-dimensional spatial integral is defined by the partie
finie (Pf) prescription, depending on two constants s1 and s2 associated with logarithmic
6 See the Appendix B in [43] for a compendium of useful formulas in d dimensions.
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divergences at the two singular points (see Ref. [44] for a review of this regularization), say
IR = Pf
s1,s2
∫
r<R
d3xS(x) , (4.2)
where S denotes the non-compact support integrand and we limit the integration to a
spherical ball r < R in order to keep only the UV divergences (see [45] for a review). On
the other hand, in DR, the integral is automatically regularized by means of the analytic
continuation in the dimension d, so that
I
(d)
R =
∫
r<R
ddxS(d)(x) . (4.3)
We assume that we can compute the expansion of the source in d dimensions in the
vicinity of the particles, say y1. In 3 dimensions, we have the expansion around y1,
S(x) =
∑
p06p6N
rp1 σ
1
p(n1) + o(r
N
1 ) , (4.4)
where r1 = |x − y1| and the coefficients σ1p depend on the unit direction n1 = (x− y1)/r1
of approach to the singularity. In d dimensions, we have a similar albeit more complicated
expansion (where we pose ε = d− 3)
S(d)(x) =
∑
p06p6N
q06q6q1
rp+qε1 σ
1
(ε)
p,q (n1) + o(r
N
1 ) , (4.5)
where the coefficients now depend on an extra integer q reflecting the more complicated
structure of the expansion involving powers p + qε (here both p, q ∈ Z). Since the two
expansions (4.4) and (4.5) must agree in the limit ε→ 0, the relation∑
q06q6q1
σ
1
(0)
p,q = σ
1
p , (4.6)
must hold for any p.
Now, we are interested in the difference between DR and the Hadamard partie finie,
because this is precisely what we have to add to the Hadamard result (4.2) in order to get
the correct d-dimensional result (4.3). This difference is
DI = I(d)R − IR , (4.7)
of which we merely compute the pole part ∝ 1/ε and the finite part ∝ ε0 in the Laurent
expansion when ε → 0, the other terms vanishing in that limit. The key point is that the
difference (4.7) does not depend on R but only on the coefficients of the expansion around
the two singularities as defined by (4.5), modulo neglected O(ε) terms. We have [41]
DI =Ωd−1
ε
∑
q06q6q1
[
1
q + 1
+ ε ln
(
s1
ℓ0
)]
〈σ
1
(ε)
−3,q〉+ 1↔ 2 , (4.8)
where it is crucial that the angular average be performed in d dimensions, i.e.,
〈σ
1
(ε)
p,q 〉 =
∫
dΩd−1
Ωd−1
σ
1
(ε)
p,q (n1) , Ωd−1 =
2π
d
2
Γ
(
d
2
) . (4.9)
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Here, dΩd−1(n1) is the solid angle on the (d−1)-dimensional sphere and Ωd−1 =
∫
dΩd−1. In
actual calculations, we have verified that there is no problem with the value q = −1 in (4.8)
since we always have 〈1σ(ε)−3,−1〉 = 0.
As we see from (4.8), the calculation generates many UV-type poles 1/ε, but we shall
prove that all the poles can be removed by the specific shift determined from the 4PN
equations of motion in Refs. [9, 10]. However, before we do so, let us discuss that at 4PN
order all the poles are not of the form (4.8), but there are other poles coming directly from
the calculation of potentials at the location of the particles with DR. This more involved
case is detailed now.
B. Regularization of the potentials at the locations of the particles
For the integrals with compact support, only the values of the potentials at x = y1,2 are
required. Obviously, when the potential is known in d dimensions, we can directly deduce
its value at the particles y1,2. This is however not the case for some of the most difficult
potentials. In particular, we have to use another method to compute the values of Xˆ , Yˆi,
Mˆ = Mˆii and Tˆ at y1,2 in d dimensions. From the fourth column of Table I, we see that
these values are required at Newtonian order, except for the case of Xˆ, needed at 1PN order.
Let S be the source of a potential P that we want to compute at the particle positions
x = y1,2. At Newtonian order for P , we simply have ∆P = S. The source admits some
expansions around the singularities in 3 dimensions and d dimensions given by Eqs. (4.4)
and (4.5) above. As usual, we proceed in two steps, Hadamard’s regularization, to which we
add the corrections due to DR.
We thus compute first the value of the potential P at point 1 in 3 dimensions using the
Hadamard partie finie. In that case, the potential at any field point x′ is given by the Poisson
integral of the singular source S(x), and defined in the sense of the Hadamard partie finie,
PR(x
′) = − 1
4π
Pf
s1,s2
∫
r<R
d3x
|x− x′| S(x) , (4.10)
where s1 and s2 are the two associated arbitrary constants. Again, we restrict the integration
volume to a spherical ball r < R in order to focus attention on UV divergences. Now, it has
been shown in [44] that the Hadamard partie finie of the potential P , or rather PR when
the IR part of the integral is ignored, at the location of the singular point 1, reads
(PR)1 = − 1
4π
Pf
s1,s2
∫
r<R
d3x
r1
S(x) +
[
ln
(
r′1
s1
)
− 1
]
〈σ
1
−2(n1)〉 . (4.11)
The first term corresponds to the naive replacement of x′ by the source point y1 in (4.10),
while the second term accounts for the presence of the logarithmic divergence ln r′1 = ln |x′−
y1| in the limit x′ → y1, the formally infinite contribution ln r′1 therein being considered
to be a constant (see [44] for more details). Note that the constant s1 cancels out between
the two terms in (4.11) so that (P )1 depends only on s2 and r
′
1. The second term in (4.11)
contains the usual angle average in 3 dimensions,
〈σ
1
−2〉 =
∫
dΩ1
4π
σ
1
−2(n1) . (4.12)
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After having computed the Hadamard value (P )1 in this way, we correct it so that in
corresponds to DR.
In DR the value of the potential P
(d)
R at the point y1 is simply obtained by replacing x
′
by y1 inside the Poisson integral in d dimension, since the regularization is taken care of by
the analytic continuation in d. Hence
P
(d)
R (y1) = −
k˜
4π
∫
r<R
ddx
rd−21
S(d)(x) , (4.13)
where k˜ has been defined in Eq. (4.1). Given the results (P )1 and P
(d)(y1) of the two
regularizations we define their UV difference as
DP (1) = P (d)R (y1)− (PR)1 , (4.14)
which is independent of R. We only compute the pole part followed by the finite part when
ε→ 0. The difference depends again only on the coefficients of the expansion around the two
singularities as given by (4.5), but the formula is more involved than in (4.8). We have [43]
DP (1) =− 1
ε(1 + ε)
∑
q06q6q1
(
1
q
+ ε
[
ln
(
r′1
ℓ0
)
− 1
])
〈σ
1
(ε)
−2,q〉
− 1
ε(1 + ε)
∑
q06q6q1
(
1
q + 1
+ ε ln
(
s2
ℓ0
)) +∞∑
ℓ=0
(−)ℓ
ℓ!
∂L
(
1
r1+ε12
)
〈nL2 σ
2
(ε)
−ℓ−3,q〉 . (4.15)
In the second term the sum over ℓ is actually finite since there is a maximal order of the
singularity, bounded by a negative integer p0 in (4.5).
After consistently correcting the results obtained in Hadamard’s regularization by means
of Eqs. (4.8) and (4.15), the constants s1, s2, r
′
1 and r
′
2 must individually cancel out since
they are actually absent in d dimensions. Instead, poles associated with logarithms of the
characteristic length scale ℓ0 may arise. They do at the 3PN order and beyond, in both
the gravitational field and the accelerations [39, 41, 43]. In previous works, those entering
the accelerations have been conveniently traded, by applying an unphysical shift of the
worldlines, for two logarithmic constants, denoted as ln r′1, ln r
′
2 [7, 43]. Indeed, the ensuing
equations of motion have then the same form as the ones derived from a purely 3-dimensional
calculation based on Hadamard’s treatment. In particular, ln r′1 and ln r
′
2 play the role of
trackers for the UV divergences. A different, simpler, but very close, choice of shift will be
made in section VI by taking r′1 = r
′
2 = r
′
0.
C. Distributional derivatives and the Gel’fand-Shilov formula
Finally, we need to take care of the compact support contributions that are generated by
the purely distributional part of the derivatives of potentials appearing in the non-compact
terms in d dimensions. For that purpose, we use the Schwartz distributional derivative [46]
or, equivalently, the Gel’fand-Shilov formula [47]. The distributional derivatives are impera-
tively to be applied in d dimensions in order to be well defined and avoid the appearance of
undesirable products of Dirac distributions with functions that are singular on their support,
15
like r−11 δ
(3)(x− y1). Let P be one of our elementary potentials (V, Vi, Wˆij, · · · ) presented in
Appendix A. Around the two singularities, it admits an expansion similar to (4.5), namely
P =
∑
p06p6N
q06q6q1
rp+qε1 f
1
(ε)
p,q (n1) + o(r
N
1 ) , (4.16)
where, in particular, the maximal divergence corresponds to the generally negative power
p0 ∈ Z. Then, the distributional derivative of this potential is given by
∂iP = (∂iP )ord +Di[P ] , (4.17)
where the first term represents the “ordinary” piece of the derivative, while the purely
distributional part reads
Di[P ] = Ωd−1
+∞∑
ℓ=0
(−)ℓ
ℓ!
∂Lδ
(d)(x− y1) 〈niL1 f
1
−ℓ−2,−1〉+ 1↔ 2 , (4.18)
which is a generalized version of the Gel’fand-Shilov formula [47]. We use here the nota-
tion (4.9) for the angular average in d dimensions, and denote by L the multi-index i1 · · · iℓ
with ℓ indices (and niL1 = n
i
1n
i1
1 · · ·niℓ1 ). The only contributions to Di[P ] come thus from the
singular terms with powers p = −ℓ− 2 and with q = −1. Moreover, as in (4.15) the sum in
the right-hand side of (4.18) is actually finite since we have ℓ 6 −2− p0.
Typically, distributional spatial derivatives will contribute when computing the second
derivative of a potential, say ∂ijP . In that case, we shall have ∂ijP = (∂ijP )ord + Dij [P ]
with the distributional term given by (see [44] for a review)
Dij [P ] = Di[∂jP ] + ∂iDj [P ] , (4.19)
where Di represents the distributional derivative operator defined by (4.18). Only terms
linear in the Dirac functions δ(x − y1) or δ(x − y2) are to be kept since the product of
two delta-functions, or derivatives of delta-functions, is always zero in DR. So, the partial
derivatives in Eq. (4.19) are to be taken as ordinary.
To compute the distributional time derivative, one first define the partial derivative with
respect to the source points y1,2 as
D
1
i[P ] = −Ωd−1
+∞∑
ℓ=0
(−)ℓ
ℓ!
∂Lδ
(d)(x− y1) 〈niL1 f
1
−ℓ−2,−1〉 and 1↔ 2 . (4.20)
This definition is consistent with the translational invariance of r1 = |x − y1|, which is
nothing but the small expansion parameter of the potentials near the singularity x = y1.
It also implies that Di[P ] +D1i[P ] +D2i[P ] = 0, which ensures that the partial derivatives
obey ∂iP + ∂1iP + ∂2iP = 0; this is the consequence of the fact that the potential, as
a function, depends on the trajectories only through the two distances to the field point
r1 = x− y1 and r2 = x− y2. Then, the distributional time derivative is naturally obtained
as ∂tP = (∂tP )ord +Dt[P ], where
Dt[P ] = v
i
1D
1
i[P ] + v
i
2D
1
2[P ] . (4.21)
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Mixed time-space or second time derivatives are computed using
Dit[P ] = Di[∂tP ] + ∂iDt[P ] , (4.22a)
Dtt[P ] = Dt[∂tP ] + ∂tDt[P ] . (4.22b)
We observe from (4.19) and (4.22) that the operations of applying successive distribu-
tional derivatives do not a priori commute. Fortunately, we have checked that this non-
commutation does not affect our computation of the quadrupole moment up to 4PN order.
Let us finally mention an important point. At the 4PN order, there are terms involving
the spatial derivative ∂iXˆ of the non-linear potential Xˆ , defined by (3.4) in 3 dimensions
and provided in Appendix A in d dimensions. This potential involves some cubic “self”
terms that diverge like 1/r31 in 3 dimensions, and like 1/r
3d−6
1 in d dimensions, when r1 → 0,
as they essentially arise from the product of three Newtonian-like potentials. Now, if we
were to apply the formula (4.18) in 3 dimensions, we would find that the derivative ∂iXˆ
does contain a distributional term, proportional to the derivative of the Dirac function in 3
dimensions. However, in d dimensions, the situation is different. Indeed, we see from (4.18)
that ∂i(1/r
3d−6
1 ) does not generate any distributional term, because the singularity corre-
sponds to the value q = −3 while one needs q = −1 for the singularity to contribute in
Eq. (4.18). Therefore, the derivative ∂iXˆ should just be considered as ordinary. This is
why we had to be careful at computing distributional derivatives only in d dimensions. We
found in our calculations that only second derivatives of potentials, like ∂ijP or ∂
2
t P , yield
distributional contributions.
V. COMPUTATION OF THE VARIOUS TYPES OF TERMS
Based on the computational and regularization methods explained above, from the sum
of terms composing the mass quadrupole provided in the Appendix C, we can list all the
potentials required to control the mass quadrupole at 4PN. These potentials can be required
either everywhere when they enter non-compact support integrals, or only at the location
of particles x = y1,2 when they enter compact-support terms, as was seen in Sec. IV. For
instance, the potentials at x = y1 (excluding the superpotentials) are those that enter µ˜1
at 4PN order and µ1 at 3PN order [see Appendix A]. Besides, the potentials that enter
non-compact integrals are needed in d dimensions in a neighborhood of the particles y1,2
in order to implement the UV DR. Finally, in order to compute the surface terms (either
Laplacian or divergence terms), we need to know their explicit expressions when r →∞ in
3 dimensions only.
The techniques we employ to compute these potentials are well documented elsewhere [23,
24, 27, 31, 45, 48]. We provide below a short summary of those and outline their most salient
features. The Table I gives the different PN orders to which the various types of potentials
are required for this computation.
A. Compact-support potentials
The first potentials to compute are the compact support potentials, i.e. V , Vi and K in
Table I, and the compact-support parts of more complicated potentials. The d’Alembertian
of these potentials is proportional to the matter source densities σ, σi or σij defined in
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Potential 3-dim whole space d-dim near y1,2 at y1,2 r→ +∞
V 2PN 2PN 3PN 3PN
Vi 2PN 2PN 2PN 2PN
Ψ∂abVij 2PN 2PN 2PN 2PN
Ψ∂aVbij 1PN 1PN 1PN 1PN
Ψ∂t∂aVij 1PN 1PN 1PN 1PN
Ψ∂aVijk 1PN 1PN 1PN 1PN
Wˆij 1PN 1PN 1PN 2PN
Wˆ 1PN 1PN 2PN 2PN
Zˆij N N N 1PN
Zˆ N N N 1PN
Rˆi N N 1PN 1PN
Yˆi × × N N
Xˆ N N 1PN 1PN
Mˆij × × × N
Mˆ × × N N
Tˆ × × N N
TABLE I: List of the PN orders required for the different potentials and super-potentials to control
the 4PN mass quadrupole. The notation for the super-potential associated with the potential φ
at multipolar order ℓ is ΨφL, as defined by Eqs. (3.7)–(3.8). The second column corresponds to the
potentials computed in 3 dimensions in the whole space (for all x ∈ R3). They are required for
performing the volume integrals of the non-compact support terms. The third column corresponds
to the potentials computed in d dimensions but in the form of an expansion around the particles
(y1 and y2). These expansions are inserted into the “difference” due to the DR of UV divergences.
The next column is the value of the potentials at the location of particles (y1 or y2) needed for the
compact-support terms, while the last one corresponds to the potentials computed in the form of
an expansion at infinity, needed for evaluation of the surface integrals.
Eq. (2.15). We need the compact-support potentials only in 3 dimensions (none of them
develop a pole). They are computed using the symmetric propagator, by iteration of the
Green’s function of the Laplace operator, say
P = −1symδ
(3) = − 1
4π
[
1
r
+
1
c2
∂2t
(r
2
)
+
1
c4
∂4t
(
r3
24
)
+ · · ·
]
. (5.1)
We do not include here the “odd” parity (dissipative) terms at orders 2.5PN and 3.5PN as
they are already known [23].
The values of Yˆi, Mˆij and its trace Mˆ , and Tˆ have been computed at x = y1 by applying
successively Eqs. (4.11) and (4.15). For the 1PN potential Xˆ the procedure is a little more
complex but is fully explained in Sec. IV of [43] [see in particular Eq. (4.30a) there]. In fact,
the values of Xˆ and Tˆ at point y1 have already been computed in Ref. [49] and we used
(and recomputed) those results.
Note that some of the potentials, computable in the whole space in d dimensions, are
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finite in the “bulk”, i.e. outside the singularities, but develop a pole when computed at
the points y1,2. This is the case of the potentials Wˆ ≡ Wˆii and Zˆ which, according to the
Table I, are respectively needed at 2PN and 1PN orders at the points y1,2, in order to obtain
the effective mass µ˜1 at the 4PN order given by (A7). The values of these potentials have
been computed directly from their expression in the whole space as well as by the application
of the procedure relying on Eqs. (4.11) and (4.15). In the case of the 2PN potential Wˆij,
we have obtained it in whole space and at the points y1,2 following the regularization [see
Sec. VC]; but we have also computed the trace Wˆ by solving the equivalent more convenient
equation [see Eq. (3.3)]

(
Wˆ +
V 2
2
)
= 8πG
(
σii − 1
2
σ V
)
− 1
c2
(∂tV )
2 . (5.2)
The advantage of this alternative formulation is that the non-compact support term is to be
computed at relative 1PN order only. This permits us to apply the machinery of Eqs. (4.11)
and (4.15), and its generalization at 1PN described in Ref. [43]. As already said, the end
result for these potentials computed at point 1 in DR includes a pole 1/ε. For instance
the relevant combination of potentials Wˆ and Zˆ entering the 4PN effective mass µ˜1 [see
Eq. (A7)] contains the pole:
(Wˆ )1 +
4
c2
(Zˆ)1 = −5G
4m21m
2
2
3c4εr412
+O(ε0) . (5.3)
The effective mass µ˜1 itself will thus also contain this pole, together with several others due
to the non-compact potentials Xˆ , Tˆ , Yˆi and Mˆ computed at 1 [see Table I]. We find
µ˜1 =
G3m21m2
c8εr312
[
53
15
m1
(
3(n12v12)
2 − v212 +
Gm1
r12
)
+
Gm2
r12
(
79
5
m1 − 1
3
m2
)]
+O(ε0) . (5.4)
We mention also the tricky case of the potential Rˆi at the 1PN order which, when computed
at point 1, contains a “cancelled” pole, in the sense that the (1PN generalisation of the)
formula (4.15) has no pole, nevertheless it contains a finite non-zero term O(ε0) which does
contribute to the effective mass µ˜1 at 4PN order.
In Sec. VI, we shall show that all the UV poles coming from volume integrals on non-
compact support terms, according to Eq. (4.8), and the values at 1 of non-compact potentials,
after Eq. (4.15), are removed by applying the same specific shift as the one computed from
the 4PN equations of motion in Refs. [7, 10]. This is an important verification of the present
calculation, showing the consistency with the calculation of the equations of motion.
B. Non compact-support potentials
The non-compact support terms are non-linear terms of basically two types. One is a
rather simple type called “∂V ∂V ”, made of a quadratic product of derivatives of compact
support potentials, for instance V , Vi and K, or the compact parts of other potentials. To
the lowest PN order, we compute these terms at any field point x in analytic closed form
using the elementary solution g of the Poisson equation (see [45] for more details)
∆g =
1
r1r2
, (5.5)
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where r1 = |x − y1| and r2 = |x − y2|. The function g solving (5.5), in the sense of
distributions in 3 dimensions, is the Fock function [50]
gFock = lnS ≡ ln(r1 + r2 + r12) , (5.6)
where r12 = |y1 − y2|. When handling PN corrections, it is also necessary to consider
the solutions of the iterated Poisson equations and more complicated elementary functions.
These are fully reviewed in Sec. VC, and in addition, a subtle point about the use of
those elementary functions, namely that they must be correctly matched to the exterior
zone [45]. As we shall see the general way to proceed in order to ensure this matching is to
use Eqs. (5.20)–(5.21) below.
The only potential which is needed in the whole space in 3 dimensions and that involves a
piece more complicated than the ∂V ∂V terms is Xˆ. The more involved structure of the latter
piece corresponds to the cubic non-linear source term Wˆij∂ijV in Eq. (3.4). Fortunately, from
Table I, this term is needed at Newtonian order only and, as it turns out, we know it in
closed analytic form at that order. As shown in [31, 48], in order to construct it, it suffices
to find the solutions of the two Poisson equations (together with 1↔ 2)
∆K1 = 2 ∂ij
(
1
r2
)
∂ij ln r1 , (5.7a)
∆H1 = 2 ∂ij
(
1
r1
)
∂2g
∂yi1∂y
j
2
. (5.7b)
Remarkably, the unique solutions of Eqs. (5.7) valid in the sense of distributions (and tending
to zero when r →∞) can be written down under the explicit closed form
K1 = − 1
r32
+
1
r2r212
− 1
r21r2
+
r2
2r21r
2
12
+
r212
2r21r
3
2
+
r21
2r32r
2
12
, (5.8a)
H1 = − 1
2r31
− 1
4r312
− 1
4r21r12
− r2
2r21r
2
12
+
r2
2r31r12
+
3r22
4r21r
3
12
+
r22
2r31r
2
12
− r
3
2
2r31r
3
12
. (5.8b)
With these solutions in hands, we control the non-compact potential Xˆ at the Newtonian
order. Note that since K1 and H1 decrease at least like 1/r when r → +∞, there is no need
to perform a matching to the far zone for these, as the matching equation (5.20) [or the
Poisson type version (5.32)] is automatically satisfied.
Finally, it remains to proceed with the extremely long computational task7 of computing
each of the non-compact support terms as a volume integral [see Appendix C], using, in a
first stage, the Finite Part regularization for the IR divergences and the Hadamard partie
finie regularization for the UV ones. Unfortunately the result of this computation is too
long to be presented here.
C. The quadratic potential Wˆij at 2PN order
We now present more in details the calculation of the ∂V ∂V pieces of the potentials
relevant for the 4PN mass quadrupole, focusing on the case of Wˆij. We start with the
7 This task is systematically done using a series of routines mainly developed by one of us (G.F.) with
Mathematica and the xAct library [51].
20
derivation of the elementary kernels that are used to compute the potentials Wˆij at 2PN
order, as well as Zˆij and Rˆi at 1PN order, cf. Sec. IIIA. We treat as example the potential Wˆij
at 2PN order as it is the more cumbersome to compute, and as it involves all the elementary
kernels that are needed to derive the other potentials Zˆij and Rˆi. Our calculations are valid
in 3 dimensions where this potential obeys the wave equation (3.3). Since the first term has
a compact support it is easily computed via iterated Poisson integrals [see Sec. VA] and we
ignore it here. The second term is non-linear and with non-compact (NC) support; it reads
Wˆ
(NC)
ij = −∂iV ∂jV , (5.9a)
with V = −4πGµ˜1δ1 + 1↔ 2 , (5.9b)
where we recall our notation µ˜1 = µ˜1(t) for the effective time-dependent mass defined by
Eq. (2.17), see also (A7). Up to 2PN order we have
V =
Gµ˜1
r1
+
1
c2
∂2t
(
Gµ˜1
r1
2
)
+
1
c4
∂4t
(
Gµ˜1
r31
24
)
+ 1↔ 2 +O(c−6) . (5.10)
By plugging this expression into the source term of Wˆ
(NC)
ij , introducing the partial derivatives
with respect to the source points yi1,2, and using the fact that µ˜1 and µ˜2 are just functions
of time, we are able to express the solution up to 2PN order by means of a set of elementary
kernel functions. It is convenient to split Wˆ
(NC)
ij up to 2PN order into “self” terms, which
are essentially proportional to the mass squared of each particles µ˜21 or µ˜
2
2, and “interaction”
terms proportional to µ˜1µ˜2 (or their time derivatives):
Wˆ
(NC)
ij = Wˆ
self
ij + Wˆ
inter
ij +O(c−6) . (5.11)
The interaction part is expressed in terms of a series of elementary kernel functions g, f ,
f 12, f 21, h, h12, h21 and k as
Wˆ
1
inter
ij = −G2µ˜1µ˜2 ∂(i
1
∂j)
2
g − G
2
c2
{
∂2t
[
µ˜1µ˜2 ∂(i
1
∂j)
2
f
]
+ 2¨˜µ1µ˜2 ∂(i
1
∂j)
2
f 12
+4 ˙˜µ1µ˜2v
k
1 ∂k(i
1
∂j)
2
f 12 + 2µ˜1µ˜2a
k
1 ∂k(i
1
∂j)
2
f 12 + 2µ˜1µ˜2v
k
1v
l
1 ∂kl(i
1
∂j)
2
f 12
}
− G
2
c4
{
∂4t
[
µ˜1µ˜2 ∂(i
1
∂j)
2
h
]
+ ∂2t
[
2¨˜µ1µ˜2 ∂(i
1
∂j)
2
k21 + 4 ˙˜µ1µ˜2v
k
1 ∂k(i
1
∂j)
2
k21
+2µ˜1µ˜2a
k
1 ∂k(i
1
∂j)
2
k21 + 2µ˜1µ˜2v
k
1v
l
1 ∂kl(i
1
∂j)
2
k21
]
+µ˜1µ˜2a
m
1 a
k
2 ∂m(i
1
∂j)k
2
k + µ˜1µ˜2a
m
1 v
k
2v
l
2 ∂m(i
1
∂j)kl
2
k + µ˜1µ˜2v
m
1 v
n
1a
k
2 ∂mn(i
1
∂j)k
2
k
+µ˜1µ˜2v
m
1 v
n
1 v
k
2v
l
2 ∂mn(i
1
∂j)kl
2
k + 2µ˜1µ˜2c
k
1 ∂k(i
1
∂j)
2
h12 + 8µ˜1µ˜2b
k
1v
l
1 ∂kl(i
1
∂j)
2
h12
+6µ˜1µ˜2a
k
1a
l
1 ∂kl(i
1
∂j)
2
h12 + 12µ˜1µ˜2a
k
1v
l
1v
m
1 ∂klm(i
1
∂j)
2
h12
+2µ˜1µ˜2v
k
1v
l
1v
m
1 v
n
1 ∂klmn(i
1
∂j)
2
h12
}
, (5.12)
where we denote 1∂i = ∂/∂y
i
1 and 2∂i = ∂/∂y
i
2, with overdots meaning the time derivatives
of µ˜1,2, and where v1,2 are the velocities, a1,2 the accelerations, b1,2 the time-derivatives of
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accelerations and c1,2 their second-time derivatives. To the terms given here, which can be
called “interaction”-terms, one must add the corresponding “self”-terms, proportional to
G2µ˜21 or, for instance, G
2 ˙˜µ1µ˜1. The self terms are obtained from the interaction terms by
performing the limit of source points yi2 → yi1 and replacing µ˜2 by µ˜1. However the terms
become more divergent when performing the limit yi2 → yi1 and we have to carefully use the
self-field regularization. With this caveat in mind we have
Wˆ
1
self
ij = limy2→y1
µ˜2→µ˜1
[
Wˆ
1
inter
ij
]
. (5.13)
And, of course we have to add to (5.12) and (5.13) the terms corresponding to 1↔ 2.
The expression (5.12) has been parametrized by means of the hierarchy of elementary
kernel functions obeying the following Poisson equations:
∆g =
1
r1r2
, (5.14a)
∆f = g , ∆f 12 =
r1
2r2
, ∆f 21 =
r2
2r1
, (5.14b)
∆h = f , ∆h12 =
r31
24r2
, ∆h21 =
r32
24r1
, (5.14c)
∆k =
r1r2
4
, ∆k12 = f 21 , ∆k21 = f 12 , (5.14d)
where the numerical coefficients have been introduced for later convenience, cf. Ref. [45].
1. Computing the particular solutions
Particular solutions for the latter equations, for instance the Fock function given by (5.6),
are known from a long time, see e.g. [31, 45, 52]. The general structure of these solutions is
constituted of two parts: an homogeneous regular solution of the Laplace or iterated Laplace
operator multiplied by lnS (with S = r1 + r2 + r12) and a specific polynomial of r1, r2 and
r12. As we seek for particular solutions, we are free to add a global homogeneous solution,
for example by adding a numerical constant to the Fock function. This will not affect the
true final solution as the proper homogeneous function will be selected by the matching
procedure described hereafter. Thus we have chosen to start with the following particular
solutions, that differ from those in Appendix A of [52] by homogeneous solutions and will
be denoted with a hat:
gˆ = lnS +
197
810
, (5.15a)
fˆ =
1
12
[(
r21 + r
2
2 − r212
)(
lnS − 73
810
)
+ r1r12 + r2r12 − r1r2
]
, (5.15b)
hˆ =
1
320
[(
r41 + r
4
2 − r412 − 2r212(r21 + r22) +
2
3
r21r
2
2
)(
lnS − 37
81
)
+ r1r2(r
2
12 − r21 − r22) + r12(r1 + r2)(r1r2 − r12) +
4
9
r21r
2
2 +
5
3
r12(r
3
1 + r
3
2)
]
, (5.15c)
kˆ =
1
120
[(
r412 − 3r41 − 3r42 + 6r21r22 + 2r212(r21 + r22)
)
lnS
22
+
21
10
(r41 + r
4
2)−
r412
30
+ 3r12(r
3
1 + r
3
2) + (r
2
1 + r
2
2)
(
3r1r2 − 31
15
r212
)
+ r1r2r
2
12 −
21
5
r21r
2
2 − r12(r1 + r2)
(
r212 − 3r1r2
)]
, (5.15d)
together with the functions fˆ 12, hˆ12 and kˆ12 obtained by exchanging the field point x with
the source point y1:
fˆ 12 = fˆ
∣∣∣
x←→y1
, hˆ12 = hˆ
∣∣∣
x←→y1
, kˆ12 = kˆ
∣∣∣
x←→y1
, (5.16)
and similarly fˆ 21, hˆ21 and kˆ21 obtained by exchanging x and y2.
It is straightforward to check that the kernel functions (5.15) and (5.16) satisfy the
constitutive relations (5.18) and also, in addition, the relations
∆1fˆ
12 = gˆ , ∆1hˆ
12 = fˆ 12 , ∆1kˆ = fˆ
21 , ∆1kˆ
21 = fˆ , (5.17)
together with the relations obtained from 1↔ 2. The extra relations (5.17) are specifically
true for the homogeneous solutions chosen in Eqs. (5.15). All those relations suggest that
there is an underlying algebra relating those particular kernel functions to higher order, and
thus that we should be able to compute a particular solution to the general Poisson equation
∆ϕnm = r
2n−1
1 r
2m−1
2 , with (n,m) ∈ N2. This would lead to the knowledge at all even PN
orders of the quadratic potentials Wˆij , Zˆij and Rˆi, up to the possible odd-odd couplings.
2. Matching procedure
We shall now define from the previous particular solutions some “matched” solutions, in
such a way that a certain matching equation is fulfilled. It is convenient to define first some
associated functions that obey d’Alembertian rather than Poisson equations, namely
G = 1
r1r2
, F12 = r1
2r2
, K = r1r2
4
, H12 = r
3
1
24r2
. (5.18)
Performing a PN expansion we transform these wave equations (5.18) into Poisson like
equations, and recover the definitions (5.18) of the previous Poisson kernels, with
G = g + 1
c2
∂2t f +
1
c4
∂4t h+O(c−6) , (5.19a)
F12 = f 12 + 1
c2
∂2t k
21 +O(c−4) , (5.19b)
H12 = h12 +O(c−2) , (5.19c)
K = k +O(c−2) . (5.19d)
In order to have the correct prescription for the inverse d’Alembertian, we have to match
the particular solutions (5.15) to the far-zone. This is taken into account by adding some
specific homogeneous solutions to Eqs. (5.15) (see [45] for a more detailed discussion).
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Let Ψ = S(x, t) be one of the wave equations (5.18), with some non-compact support
source S. The matching equation states that the multipolar expansion of the solution Ψ,
denoted M(Ψ), should satisfy
M(Ψ) = FP
B=0
−1R
[(
r
r0
)B
M(S)
]
− 1
4π
+∞∑
ℓ=0
(−)ℓ
ℓ!
∂L
(
1
r
SL(t− r/c)
)
, (5.20)
where the first term is a solution of the multipole expanded wave equation M(Ψ) =M(S),
defined by means of the finite part procedure at B = 0 applied to the standard retarded
integral operator −1R , and the second term is a homogeneous solution constructed out of
the multipole moments:
SL(u) = FP
B=0
∫
d3x
(
r
r0
)B
xL S(x, u) , (5.21)
which themselves integrate over the source S. Suppose now that we know a particular
solution of the wave equation, say Ψˆ such that Ψˆ = S. We look for a homogeneous
solution Ψhom such that Ψ = Ψˆ + Ψhom satisfies Eqs. (5.20)–(5.21). Since the homogeneous
solution is directly in the form of a multipole expansion, Ψhom = M(Ψhom), we obtain the
following relation:
Ψhom = ˜−1R M (S)−M
(
Ψˆ
)− 1
4π
+∞∑
ℓ=0
(−)ℓ
ℓ!
∂L
(
1
r
SL(t− r/c)
)
, (5.22)
where ˜−1R denotes the Hadamard-regularized retarded integral in (5.20).
8 The previous
recipe (5.22) completely determines the homogeneous solution, since all the terms in the
right-hand side are known.
We have applied this method to determine all the relevant homogeneous solutions in the
kernel functions g, f , etc. For example, expanding the last term of Eq. (5.22), and identifying
the relevant PN orders, it comes
ghom = ∆˜−1M
( 1
r1r2
)
−M(gˆ) , (5.23a)
fhom = ∆˜−2M
( 1
r1r2
)
−M(fˆ)+ 1
4
(
r Y − niYi
)
, (5.23b)
where we have denoted (notice the STF multipole factor xˆL)
YL = − 1
2π
FP
B=0
∫
d3x
(
r
r0
)B
xˆL
r1r2
=
r12
ℓ+ 1
ℓ∑
m=0
y
〈M
1 y
L−M〉
2 . (5.24)
We emphasize that although we introduced the “Poisson” kernels g, f , f 12, etc. for
convenience, it is better to consider the “d’Alembertian” kernels (G, F12, etc.) as more
fundamental quantities. Indeed, when working with the Poisson kernels, we have to take
8 Actually, in all this construction we are interested only in the conservative dynamics and we can use
instead the symmetric integral operator ˜−1sym.
24
into account the fact that the FP operation at B = 0 and the inverse Laplacian do not
commute, thus for instance
∆˜−1M (f) 6= ∆˜−3M
( 1
r1r2
)
, (5.25)
and the matching procedure in more complicated. Nonetheless, after adding some correction
terms accounting e.g. for the fact (5.25), the result comes out the same. Note however that
the effect (5.25) emerges at 2PN order, and only affects the computation of h.
Having matched the particular solutions, one has constructed the good prescription for
the elementary kernels. The end results for g and f are for example
g = ln
(
S
2r0
)
− 1 , (5.26a)
f =
r1r2 n1 · n2
6
[
ln
(
S
2r0
)
+
1
6
]
+
r12r1 + r12r2 − r1r2 + 2r n · (y1 + y2)− 3r2
12
. (5.26b)
We do not display the other kernels since their homogeneous solutions are rather complicated,
and we have described the general procedure to obtain them.
In the end, by means of this technique, we have obtained in the whole space (and 3
dimensions) the potential Wˆij at 2PN order following Eqs. (5.12)–(5.13), as well as the
potentials Zˆij and Rˆi at 1PN order. Notably, this permits to check the value of the trace
Wˆ = Wˆii at 2PN order evaluated at point 1, with respect to the direct calculation reported
in Sec. IVB.
To end with, let us mention a delicate issue that arises in the latter comparison. It comes
from the fact that the particular solution of Eq. (5.2),
Wˆ part = −V 2/2 + ˜−1R
[
8πG
(
σii − 1
2
σ V
)
− 1
c2
(∂tV )
2
]
, (5.27)
is not a priori the matched one. Indeed, applying the operator ˜−1R to the right-hand side
of the latter equality leads to an almost identical expression for Wˆ , but where V 2 is now
replaced by ˜−1R V
2. Thus, the homogeneous solution to be added to Wˆ part is given by the
“commutator”
Wˆ hom =
[
˜−1R ,
](−V 2
2
)
, (5.28)
which does not vanish in general. More precisely, by means of techniques similar to those
used in the derivation of the formula (3.17), one can show that, for any function admitting
an asymptotic expansion with general terms of the form fp,q(n)r
p(ln r)q (for p ≤ pmax) near
infinity, one has
[
˜−1R ,
]
F =
+∞∑
ℓ=0
(−)ℓ
ℓ!
+∞∑
s=0
∆−sxˆL
(
d
dt
)2s
fˆL , (5.29a)
with fˆL =
+∞∑
k=max(0, ℓ−pmax)
(−)k
k!!(k − 2ℓ− 1)!!
(
d
dt
)k [
(2k − 2ℓ− 1)fˆLk−ℓ,0 − fˆLk−ℓ,1
]
. (5.29b)
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Here, the coefficients fˆLp,q are those of the decomposition of f
L
p,q(n) in the spherical harmonic
functions nˆL = STF(ni1 · · ·niℓ) for ℓ > 0, while ∆−sxˆL represents the solution
∆−sxˆL =
Γ(ℓ+ 3/2)
22sΓ(s+ 1)Γ(s+ ℓ+ 3/2)
xˆLr2s , (5.30)
of the iterated Poisson equation ∆sP = xˆL. Working with the symmetric Green function,
we find by application of the formula (5.29):
Wˆ sym hom = −G
2m
c4
[
1
6
I(4) + ¨˜µc2
]
, (5.31)
where we have introduced for convenience the total mass m = m1 +m2, the effective mass
µ˜ = µ˜1+ µ˜2, and the Newtonian moment of inertia I = m1y
2
1 +1↔ 2 of the binary system.
D. Potentials at infinity
Finally, as we have seen in Sec. III many of the potentials are required at r → +∞
in order to compute the surface terms. For these we need only their contributions in 3
dimensions. For the potentials that are already known for any x ∈ R3, we just perform
their expansions when r → +∞. In particular, we have computed in the whole space the
potential Wˆij at 2PN order in Sec. VC, which is a great help for the calculation of surface
terms. However, other potentials are not known, namely Xˆ at 1PN order, and Tˆ , Yˆi as well
as Mˆij at Newtonian order. For those potentials, we proceed differently.
To obtain the expansion when r → +∞ of the potential P , we consider the equation that
it satisfies, P = S, where the source S is known, for instance given by Eq. (3.5). For a
potential at the 4PN order, the equation reduces to a Poisson equation ∆P = S. Then, we
compute the asymptotic or multipole expansion M(P ) from the source S and its multipole
expansion M(S) by the Poisson-like version of the matching formula (5.20), namely
M(P ) = FP
B=0
∆−1
[(
r
r0
)B
M(S)
]
− 1
4π
+∞∑
ℓ=0
(−)ℓ
ℓ!
∂L
(
1
r
)
PL(t) , (5.32)
where
PL(u) = FP
B=0
∫
d3x
(
r
r0
)B
xL S(x, u) . (5.33)
The first term in (5.32) corresponds to integrating the multipole expansion of the
known source term by term, while the second term represents an homogeneous solution
parametrized by computable multipole moments (5.33). In practice, to compute the first
term in (5.32), we apply the following formulas:
∆˜−1
[
rαnˆL
]
=
rα+2nˆL
(α− ℓ+ 2)(α+ ℓ+ 3) , for α ∈ C \
{
ℓ− 2,−ℓ− 3} , (5.34a)
∆˜−1
[
rℓ−2nˆL
]
=
1
2ℓ+ 1
[
ln
(
r
r0
)
− 1
2ℓ+ 1
]
rℓnˆL , (5.34b)
∆˜−1
[ nˆL
rℓ+3
]
= − 1
2ℓ+ 1
[
ln
(
r
r0
)
+
1
2ℓ+ 1
]
nˆL
rℓ+1
, (5.34c)
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where we abbreviated ∆˜−1 = FPB=0∆
−1(r/r0)
B. Besides, for Xˆ at 1PN, we face the inte-
gration of terms involving also some logarithm ln(r/r0). For that, we have, in the generic
case α ∈ C \ {ℓ− 2,−ℓ− 3},
∆˜−1
[
ln
(
r
r0
)
rαnˆL
]
=
rα+2nˆL
(α− ℓ+ 2)(α + ℓ+ 3)
[
ln
(
r
r0
)
− 2α+ 5
(α− ℓ+ 2)(α+ ℓ + 3)
]
. (5.35)
VI. THE 4PN MASS QUADRUPOLE FOR CIRCULAR ORBITS
We have applied the method described in this paper to compute the source mass
quadrupole moment at the 4PN order in the case of circular orbits. As for the Fokker
Lagrangian computation of the equations of motion [7], we first used Hadamard’s partie
finie to cure the UV divergences, and obtain a first result depending on ln s1 and ln s2. Then
we computed the difference between the DR and the Hadamard partie finie regularization
for the UV divergences, and obtained a new result free of ln s1 and ln s2 but containing poles
in 1/ε, and also the DR scale ℓ0.
Let us recall that these poles should cancel out when expressing physical observables such
as the energy flux or the orbital phase of the system, but can still be present in intermediate
non gauge invariant results such as the equations of motion or the source multipole moments.
However, in that case, it is extremely useful to remove the UV poles by applying a shift of the
particle’s trajectories. This provides an important test of the result and also a substantial
simplification. Indeed, at the 3PN order, it was already shown that applying the same shift
as used for the 3PN equations of motion to the 3PN source mass quadrupole moment, indeed
consistently removes all the UV poles [43].
At the 4PN order, the situation is a bit more complicated. The shift that we applied to
the Fokker Lagrangian in order to obtain the final result for the 4PN equations of motion
as obtained in [9, 10], and from which we derived all the conserved quantities in [11], is
composed of three terms:
1. The shift ξ1,2 given in the Appendix C of [7]
9 and which removed all the UV-type 1/ε
poles in the Fokker Lagrangian;
2. The shift χ1,2 that was applied in [9] and removes all the IR-type 1/ε poles of the
Fokker Lagrangian (this shift has not yet been published in full form);
3. Finally, the shift η1,2 given in the Appendix A of [11] that does not contain any pole
and was merely used for convenience.
For completeness, we provide in Appendix B the full expressions of the shifts ξ1,2 and
η1,2. Note that the shift χ1,2 will not be used in the present paper since we treat the IR
divergences by means of the Finite Part regularization instead of DR. However we intend to
consider the shift χ1,2 in future work when we investigate the problem of IR divergences in
the 4PN mass quadrupole moment.
We have applied the sum of the shifts ξ1,2 and η1,2 to the 4PN quadrupole moment
and checked that all the UV-type poles 1/ε (as well as the usual concomitant constants
9 There are some missing terms in the equations (C3) of [7]; the correct expression, also taking into account
the final determination of the ambiguity parameters [9, 10], is given in Eqs. (B2)–(B3) below.
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such as Euler’s constant γE) cancel out as they should. Recall that the shifts have been
determined from the separate calculation of the Fokker Lagrangian and equations of motion.
Furthermore we have seen in Sec. IVB that at the 4PN order some of the potentials needed to
control the compact support terms do contain poles. These poles combine with those coming
from the DR of the volume integrals of non-compact support terms in Sec. IVA. The proper
cancellation of all the poles constitutes a robust check of our UV DR computations, and a
major confirmation that we understand the connection between the conservative equations
of motion and multipole moments within the framework of the MPM-PN approach.
The next steps are to reduce our result to the frame of the center of mass (CM) and
then to the case of quasi circular orbits. We only need the 3PN expressions of the CM
coordinates, and the 3PN equations of motion for circular orbits, in order to express the
mass quadrupole moment at the 4PN order in the CM frame for circular orbits. Therefore,
even if our result does not yet use DR for the IR divergences, we can still consistently express
it in the CM frame for circular orbits — as the 3PN dynamics can be derived using the Finite
Part regularization for the IR, and as the IR shift χ1,2 only starts at the 4PN order. The
result is then much more compact and is given as follows.
Finally, the UV-shifted mass quadrupole moment for circular orbits at the 4PN order,
where the applied shifts ξ1,2 and η1,2 are given in Appendix B, reads
Iij = µ
(
Ax〈ixj〉 +B
r2
c2
v〈ivj〉 +
G2m2ν
c5r
C x〈ivj〉
)
+O
(
1
c9
)
, (6.1)
where the terms up to the 4PN order are explicitly given by10
A = 1 + γ
(
− 1
42
− 13
14
ν
)
+ γ2
(
− 461
1512
− 18395
1512
ν − 241
1512
ν2
)
+ γ3
(
395899
13200
− 428
105
ln
(
r
r0
)
+
[
3304319
166320
− 44
3
ln
(
r
r′0
)]
ν +
162539
16632
ν2 +
2351
33264
ν3
)
+ γ4
(
−1023844001989
12713500800
+
31886
2205
ln
(
r
r0
)
+
[
−18862022737
470870400
− 2783
1792
π2
− 24326
735
ln
(
r
r0
)
+
8495
63
ln
(
r
r′0
)]
ν +
[
1549721627
40360320
+
44909
2688
π2 − 4897
21
ln
(
r
r′0
)]
ν2
− 22063949
5189184
ν3 +
71131
314496
ν4
)
, (6.2a)
B =
11
21
− 11
7
ν + γ
(
1607
378
− 1681
378
ν +
229
378
ν2
)
+ γ2
(
−357761
19800
+
428
105
ln
(
r
r0
)
− 92339
5544
ν +
35759
924
ν2 +
457
5544
ν3
)
+ γ3
(
17607264287
1589187600
− 4922
2205
ln
(
r
r0
)
+
[
5456382809
529729200
+
143
192
π2 − 1714
49
ln
(
r
r0
)
− 968
63
ln
(
r
r′0
)]
ν
+
[
117172607
1681680
− 41
24
π2 +
968
21
ln
(
r
r′0
)]
ν2 − 1774615
81081
ν3 − 3053
432432
ν4
)
, (6.2b)
10 The terms C represent the time-odd 2.5PN and 3.5PN contributions and are given here for completeness.
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C =
48
7
+ γ
(
−4096
315
− 24512
945
ν
)
. (6.2c)
Let us remind that that this result has been obtained using the FP prescription for the IR
divergences, and the DR for the UV divergences. In future work, we shall switch to DR for
the IR divergences as well, in the form of the regularization Bε which has been successfully
applied recently to the 4PN equations of motion [10].
In our notation γ is a PN parameter defined as
γ =
Gm
rc2
, (6.3)
where r = |y1 − y2| is the radial separation in harmonic coordinates, x = y1 − y2 is the
relative distance and v = v1 − v2 is the relative velocity. The total mass is m = m1 +m2,
and the reduced mass µ and symmetric mass ratio ν are given by
ν =
µ
m
=
m1m2
(m1 +m2)2
. (6.4)
Two constants parametrize the logarithmic terms of (6.2). We have the constant r0 which
was introduced in the Finite Part regularization for the IR, see Eq. (2.1). Then there is
the constant r′0 associated with the UV regularization, and which has been introduced by
definition through the shift ξ1,2 in Eqs. (B3).
11
The result (6.1)–(6.2) extends to the 4PN order the expression of the mass quadrupole
moment that was known at the 3.5PN order [23–26]. It constitutes an important step in
our program of completing the waveform and phase evolution of compact binary systems at
the 4PN order, but remind that a thorough investigation of the IR divergences at the level
of the 4PN multipole moment is still required and postponed to future work.
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Appendix A: The 4PN metric as a function of potentials
For insertion into the mass quadrupole moment we need the metric components developed
up to order c−8, c−7 and c−8 in the 00, 0i and ij components of the metric. This means the
full 4PN accuracy for the spatial ij components, but only the 3PN accuracy for the other
00 and 0i components. However, for completeness and future use, we present the complete
4PN metric with our choice of parametrization, in d dimensions since the metric is also used
to compute the corrections due to DR. For the usual covariant components gµν :
g00 = −1 + 2V
c2
+
1
c4
[
−4(d− 3)K
d− 2 − 2V
2
]
+
1
c6
[
8(d− 3)KV
d− 2 +
4
3
V 3 + 8VaV
a + 8Xˆ
]
+
1
c8
[
−8(d− 3)
2K2
(d− 2)2 + 32Tˆ −
8(d− 3)KV 2
d− 2 −
2
3
V 4 + 32RˆaVa + V (−16VaVa − 16Xˆ)
]
+
1
c10
(
64Pˆ + 32RˆaRˆa +
16(d− 3)2K2V
(d− 2)2 − 64Tˆ V +
4
15
V 5 − 32(d− 3)RˆaV Va
d− 2
+ V 2
[
8(9− 10d+ 3d2)VaVa
(d− 2)2 + 16Xˆ
]
+K
[
16(d− 3)V 3
3(d− 2)
+
16(d− 3)2VaVa
(d− 2)2 +
32(d− 3)Xˆ
d− 2
]
+ 64VaYˆa
)
+O
(
1
c12
)
, (A1a)
g0i = −4Vi
c3
+
1
c5
[
−8Rˆi + 4(d− 3)V Vi
d− 2
]
+
1
c7
[
8(d− 3)RˆiV
d− 2 −
8(d− 3)2KVi
(d− 2)2 −
4(5− 4d+ d2)V 2Vi
(d− 2)2 − 8VaWˆia − 16Yˆ
i
]
+
1
c9
(
−32Nˆi + Rˆi
[
−16(d− 3)
2K
(d− 2)2 −
4(d− 3)2V 2
(d− 2)2
]
+
8(d− 3)3KV V i
(d− 2)3
+
8(d− 3)(3− 3d+ d2)V 3Vi
3(d− 2)3 − 16RˆaWˆia + Vi
[
16(−5 + 2d)VaVa
d− 2
+
16(d− 3)Xˆ
d− 2
]
+ V
[
8(d− 3)VaWˆia
d− 2 +
16(d− 3)Yˆi
d− 2
]
− 32VaZˆia
)
+O
(
1
c11
)
, (A1b)
gij = δij +
1
c2
2V
d− 2δij +
1
c4
(
δij
[
−4(d− 3)K
(d− 2)2 +
2V 2
(d− 2)2
]
+ 4Wˆij
)
+
1
c6
(
−16ViVj + 8V Wˆij
d− 2 + δij
[
−8(d− 3)KV
(d− 2)3 +
4V 3
3(d− 2)3 +
8VaVa
d− 2 +
8Xˆ
d− 2
]
+ 16Zˆij
)
+
1
c8
[
32Mˆij − 32Rˆ(iVj) − 16(d− 3)KWˆij
(d− 2)2 +
8V 2Wˆij
(d− 2)2
30
+ 8WˆiaWˆja + δij
(
−4(d− 3)
3K2
(d− 2)4 −
32Mˆ
d− 2 +
32Tˆ
d− 2 −
8(d− 3)KV 2
(d− 2)4
+
2V 4
3(d− 2)4 +
32RˆaVa
d− 2 −
4WˆabWˆab
d− 2 + V
[
16VaVa
(d− 2)2 −
8(d− 3)Xˆ
(d− 2)2
])
+ V (−32ViVj
d− 2 +
32Zˆij
d− 2)
]
+O
(
1
c10
)
. (A1c)
Up to 3PN order there are nine potentials V , Vi, K, Wˆij , Rˆi, Xˆ , Zˆij, Yˆi, Tˆ , which agree
with our previous definitions in [41, 43, 45]. The new generation of potentials at the 4PN
order are denoted Pˆ , Nˆi and Mˆij . Since we need for the 4PN quadrupole moment the metric
components in gothic form hµν up to order c−8, c−7 and c−8, we also present them here:
h00 = − 1
c2
2(d− 1)V
d− 2 +
1
c4
[
4(d− 3)(d− 1)K
(d− 2)2 −
2(d− 1)2V 2
(d− 2)2 − 2Wˆ
]
+
1
c6
[
−4(d− 1)
3V 3
3(d− 2)3 +
8(d− 3)VaVa
d− 2 + V (
8(d− 3)(d− 1)2K
(d− 2)3
−4(d− 1)Wˆ
d− 2 )−
8(d− 1)Xˆ
d− 2 − 8Zˆ
]
+
1
c8
[
2dWˆabWˆab
d− 2 −
2(d− 3)2(d− 1)(−4 + 3d)K2
(d− 2)4 +
32Mˆ
d− 2 −
32(d− 1)Tˆ
d− 2
− 2(d− 1)
4V 4
3(d− 2)4 +
16(d− 4)RˆaVa
d− 2 +
8(d− 3)(d− 1)KWˆ
(d− 2)2 − 2Wˆ
2
+
8(d− 3)(d− 1)3KV 2
(d− 2)4 −
4(d− 1)2WˆV 2
(d− 2)2 +
16(d− 3)(d− 1)V VaVa
(d− 2)2
−4(d− 1)(−4 + 3d)XˆV
(d− 2)2 −
16(d− 1)ZˆV
d− 2
]
+O
(
1
c10
)
, (A2a)
h0i = − 4
c3
Vi +
1
c5
[
−8Rˆi − 4(d− 1)ViV
d− 2
]
+
1
c7
[
−16Yˆi + 8(d− 3)(d− 1)ViK
(d− 2)2 −
8(d− 1)RˆiV
d− 2 −
4(d− 1)2ViV 2
(d− 2)2
+ 8WˆiaVa − 8ViWˆ
]
+O
(
1
c9
)
, (A2b)
hij =
1
c4
[
− 4Wˆij + 2δijWˆ
]
+
1
c6
[
− 16Zˆij + 8δijZˆ
]
+
1
c8
[
− 32Mˆij − 16ViRˆj − 16RˆiVj − 8WˆijWˆ + 8WˆiaWˆja
+ δij
{
− 2(d− 3)
2(d− 1)K2
(d− 2)3 + 16RˆaVa + 2Wˆ
2 − 2WˆabWˆab − 4(d− 1)V Xˆ
d− 2
}]
+O
(
1
c10
)
. (A2c)
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The compact-support parts of the potentials are generated by the matter stress energy-tensor
T µν through the definitions
σ = 2
(d− 2)T 00 + T ii
(d− 1)c2 , σi =
T 0i
c
, σij = T
ij . (A3)
All the potentials obey flat space-time wave equations in d dimensions (where  = ηµν∂µ∂ν)
given at 3PN order by:
V = −4πGσ , (A4a)
Vi = −4πGσi , (A4b)
K = −4πGσV , (A4c)
Wˆij = −4πG
(
σij − δij σkk
d− 2
)
− 1
2
(
d− 1
d− 2
)
∂iV ∂jV , (A4d)
Rˆi = − 4πG
d− 2
(
5− d
2
V σi − d− 1
2
Vi σ
)
− d− 1
d− 2 ∂kV ∂iVk −
d(d− 1)
4(d− 2)2 ∂tV ∂iV , (A4e)
Xˆ = −4πG
[
V σii
d− 2 + 2
(
d− 3
d− 1
)
σiVi +
(
d− 3
d− 2
)2
σ
(
V 2
2
+K
)]
+ Wˆij ∂ijV + 2Vi ∂t∂iV +
1
2
(
d− 1
d− 2
)
V ∂2t V
+
d(d− 1)
4(d− 2)2 (∂tV )
2 − 2∂iVj ∂jVi , (A4f)
Zˆij = − 4πG
d− 2 V
(
σij − δij σkk
d− 2
)
− d− 1
d− 2 ∂tV(i ∂j)V + ∂iVk ∂jVk
+ ∂kVi ∂kVj − 2∂kV(i ∂j)Vk − δij
d− 2 ∂kVm (∂kVm − ∂mVk)
− d(d− 1)
8(d− 2)3 δij (∂tV )
2 +
(d− 1)(d− 3)
2(d− 2)2 ∂(iV ∂j)K , (A4g)
Yˆi = −4πG
[
−1
2
(
d− 1
d− 2
)
σRˆi − (5− d)(d− 1)
4(d− 2)2 σV Vi +
1
2
σkWˆik +
1
2
σikVk
+
1
2(d− 2) σkkVi −
d− 3
(d− 2)2 σi
(
V 2 +
5− d
2
K
)]
+ Wˆkl ∂klVi − 1
2
(
d− 1
d− 2
)
∂tWˆik ∂kV + ∂iWˆkl ∂kVl − ∂kWˆil ∂lVk
− d− 1
d− 2 ∂kV ∂iRˆk −
d(d− 1)
4(d− 2)2 Vk ∂iV ∂kV −
d(d− 1)2
8(d− 2)3 V ∂tV ∂iV
− 1
2
(
d− 1
d− 2
)2
V ∂kV ∂kVi +
1
2
(
d− 1
d− 2
)
V ∂tVi + 2Vk ∂k∂tVi
+
(d− 1)(d− 3)
(d− 2)2 ∂kK∂iVk +
d(d− 1)(d− 3)
4(d− 2)3 (∂tV ∂iK + ∂iV ∂tK) , (A4h)
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Tˆ = −4πG
[
1
2(d− 1) σijWˆij +
5− d
4(d− 2)2 V
2σii +
1
d− 2 σViVi −
1
2
(
d− 3
d− 2
)
σXˆ
− 1
12
(
d− 3
d− 2
)3
σV 3 − 1
2
(
d− 3
d− 2
)3
σV K +
(5− d)(d− 3)
2(d− 1)(d− 2) σiViV
+
d− 3
d− 1 σiRˆi −
d− 3
2(d− 2)2 σiiK
]
+ Zˆij ∂ijV + Rˆi ∂t∂iV
− 2∂iVj ∂jRˆi − ∂iVj ∂tWˆij + 1
2
(
d− 1
d− 2
)
V Vi ∂t∂iV +
d− 1
d− 2 Vi ∂jVi ∂jV
+
d(d− 1)
4(d− 2)2 Vi ∂tV ∂iV +
1
8
(
d− 1
d− 2
)2
V 2∂2t V +
d(d− 1)2
8(d− 2)3 V (∂tV )
2
− 1
2
(∂tVi)
2 − (d− 1)(d− 3)
4(d− 2)2 V ∂
2
tK −
d(d− 1)(d− 3)
4(d− 2)3 ∂tV ∂tK
− (d− 1)(d− 3)
4(d− 2)2 K∂
2
t V −
d− 3
d− 2 Vi ∂t∂iK −
1
2
(
d− 3
d− 2
)
Wˆij ∂ijK . (A4i)
At the 4PN order, only one new potential is required to control the mass quadrupole moment:
namely the potential Mˆij and we have already given the equation it obeys in 3 dimensions,
see Eq. (3.5). The full equations obeyed by the 4PN potentials in d dimensions are:
Pˆ = 4πG
[(
−(d − 3)
2(19− 13d+ 2d2)K2
8(d− 2)4 +
Mˆaa
d− 2 +
(d− 3)Tˆ
d− 2
− (d− 3)
4KV 2
4(d− 2)4 −
(d− 3)4V 4
48(d− 2)4 +
(d− 5)RˆaVa
2(d− 2) +
WˆabWˆ
ab
8(d− 2)
+ V
[
−(8− 5d+ d
2)VaV
a
2(d− 2)2 −
(19− 13d+ 2d2)Xˆ
4(d− 2)2
])
σ +
[
(8− 5d+ d2)RˆaV
(d− 2)(d− 1)
− (d− 3)(8− 5d+ d
2)KV a
(d− 2)2(d− 1) −
(−22 + 21d− 8d2 + d3)V 2V a
2(d− 2)2(d− 1)
− (d− 3)Yˆ
a
d− 1
]
σa − (d− 3)V
aWˆabσ
b
2(d− 1) +
[
−(d− 3)V
aV b
2(d− 1)
− V Wˆ
ab
(d− 2)(d− 1) −
Zˆab
d− 1
]
σab +
[
−(d− 5)(d− 3)KV
2(d− 2)3
− (19− 8d+ d
2)V 3
12(d− 2)3 −
Xˆ
2(d− 2)
]
σaa
]
+
(d− 3)2(d− 1)d(∂tK)2
8(d− 2)4
− ∂tRˆa∂tVa + (d− 1)d∂tV ∂tXˆ
4(d− 2)2 + Yˆ
a∂t∂aV +
(d− 1)3V 3∂2t V
24(d− 2)3
− (d− 3)VaV
a∂2t V
4(d− 2) +
(d− 1)Xˆ∂2t V
4(d− 2) −
(d− 3)Zˆab∂b∂aK
d− 2 + Mˆ
ab∂b∂aV
+ Rˆa
[
−(d− 3)∂t∂aK
d− 2 +
(d− 1)d∂tV ∂aV
4(d− 2)2 + V
b∂b∂aV
]
+ ∂tWˆab(−1
8
∂tWˆ
ab
− ∂bRˆa)− ∂aRˆb∂bRˆa − 2∂tZˆab∂bV a − 2∂aYˆb∂bV a
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+ V
(
−(d− 3)(d− 1)
2d∂tK∂tV
4(d− 2)4 −
(d− 1)∂tVa∂tV a
2(d− 2)
+
(d− 1)Rˆa∂t∂aV
2(d− 2) +
(d− 1)∂2t Xˆ
4(d− 2) + V
a
[
−(d− 3)(d− 1)∂t∂aK
2(d− 2)2
+
(d− 1)2d∂tV ∂aV
4(d− 2)3
]
− (d− 1)∂bVa∂
bRˆa
d− 2 −
(d− 1)∂tWˆab∂bV a
2(d− 2)
)
+ V 2
[
(d− 1)3d(∂tV )2
16(d− 2)4 +
(d− 1)2V a∂t∂aV
4(d− 2)2 −
(d− 3)(d− 1)2∂2tK
8(d− 2)3
− (d− 1)
2∂aVb∂
bV a
4(d− 2)2
]
+K
[
−(d− 3)(d− 1)
2d(∂tV )
2
8(d− 2)4
− (d− 3)(d− 1)V
a∂t∂aV
2(d− 2)2 +
(d− 3)2(d− 1)∂2tK
4(d− 2)3
− (d− 3)(d− 1)
2V ∂2t V
4(d− 2)3 +
(d− 3)(d− 1)∂bVa∂bV a
2(d− 2)2
]
+ Wˆ ab(
1
2
∂b∂aXˆ
− 1
4
Wˆa
i∂i∂bV ) + Wˆai∂
bV a∂iVb + V
a
(
∂t∂aXˆ − 1
2
Wˆab∂t∂
bV
+ ∂tV
[
−(d− 4)(d− 1)∂tVa
2(d− 2)2 −
(d− 3)(d− 1)d∂aK
4(d− 2)3
]
− (d− 3)(d− 1)d∂tK∂aV
4(d− 2)3 +
(d− 1)V b∂aV ∂bV
4(d− 2)2 + 2∂tVb∂
bVa − ∂aWˆbi∂iV b
+ ∂iWˆab∂
iV b
)
, (A5a)
Nˆi = 4πG
([
−(d− 3)(d− 1)Rˆ
iV
2(d− 2)2 +
(d− 3)2(d− 1)KV i
2(−2 + d)3
+
(d− 1)(37− 26d+ 5d2)V 2V i
16(d− 2)3 +
(d− 1)Yˆ i
2(d− 2)
]
σ + V aV iσa
+
[
(d− 5)V Wˆ ia
4(d− 2) − Zˆ
i
a
]
σa +
[
(d− 5)2(d− 3)KV
4(d− 2)3 +
(d− 5)3V 3
48(d− 2)3
− 3VaV
a
2(d− 2) +
(d− 5)Xˆ
2(d− 2)
]
σi +
[
− Rˆ
i
2(d− 2) +
(d− 3)V V i
2(d− 2)2
]
σaa
+ (−1
2
Rˆa − V V
a
d− 2)σ
i
a
)
− 1
2
∂tV
a∂tWˆ
i
a +
(d− 3)(d− 1)∂tWˆ ia∂aK
2(d− 2)2
+
(d− 1)dWˆ ia∂tV ∂aV
8(d− 2)2 −
(d− 1)∂tZˆ ia∂aV
d− 2 +
(d− 1)2Rˆi∂aV ∂aV
4(d− 2)2
+ Wˆ ab∂b∂aRˆ
i + 2Zˆab∂b∂aV
i − ∂aWˆ ib∂bRˆa + (d− 1)Wˆ
i
b∂
aV ∂bVa
2(d− 2)
+ V i
[
(d− 1)d(∂tV )2
8(d− 2)2 −
(d− 3)(d− 1)2∂aV ∂aK
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Finally we give the expressions of the effective masses µ1 and µ˜1 in d dimensions which
parametrize the source densities (2.15) for point particle sources. They are defined by
Eqs. (2.17) and (2.8), namely
µ1 =
1√−(g)1 m1√−(gµν)1 vµ1 vν1c2 , (A6a)
µ˜1 =
2
d− 1
(
d− 2 + v
2
1
c2
)
µ1 , (A6b)
where g is the determinant of the metric, and (g)1 and (gµν)1 are evaluated at x = y1
following the DR. Most importantly the expression of µ˜1 with full 4PN accuracy is required
for the 4PN mass quadrupole moment. It is given in terms of the potentials by
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+
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where it is understood that all the potentials are evaluated at the point x = y1 following
DR. Note that we must apply the rule of “distributivity”, e.g. (V Zˆ)1 = (V )1(Zˆ)1, see [43]
for discussions. Besides the 4PN expression of µ˜1 we require also the 3PN expression of µ1
which we provide for completeness:
µ1 = m1
(
1 +
1
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[
1
2
v21 +
(d− 4)V
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]
37
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Appendix B: The shifts applied in the 4PN equations of motion
In the recent work on the 4PN equations of motion [7–11], which succeeded in computing
from first principles all the “ambiguities” in the problem, we applied to our “brute” calcula-
tion a series of shifts of the trajectories so as to remove UV- and IR-types poles and simplify
the end result. Now, in order to be consistent we have to apply after our “brute” derivation
of the 4PN quadrupole moment the same series of shifts. As recalled in Sec. VI the total
shift is composed of three pieces. A first shift ξ1,2 removed the poles 1/ε corresponding
to UV divergences and led to the Lagrangian provided in [8, 9]; a second shift χ1,2, used
in [9], dealt with the 1/ε poles due to IR divergences; and a third shift η1,2 presented in [11]
was mainly used for convenience. We provide here the shifts ξ1,2 and η1,2 in extenso. Note
that the second shift χ has not been used in the present paper but will be part of our next
program to investigate the IR divergences occuring in the 4PN quadrupole moment.
The shift ξ1 is composed of 3PN and 4PN contributions and is given by
ξi1 =
11
3
G2m21
c6
[
1
ε
− 2 ln
(
q1/2r′0
ℓ0
)
− 327
1540
]
ai1 +
1
c8
ξi1, 4PN . (B1)
The first term represents the 3PN contribution determined in [43]. Here q = 4πeγE where γE
is the Euler constant, and a1 represents the Newtonian acceleration of 1 in d dimensions. The
4PN contributions have already been shown in the Appendix C of [7], however the terms
proportional to yi1 [see Eq. (B3b) below] were inadvertently missing there. Furthermore
we have adjusted one coefficient in the expression of the shift to take into account the
subsequent determination of the ambiguity parameters in [9, 10]. The 4PN terms in the
shift are conveniently written in the form
ξi1, 4PN =
1
ε
ξ
i (−1)
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with 1/ε being the UV pole and vi12 = v
i
1 − vi2. We have
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On the other hand the shift η1 is quite simple. It starts only at the 4PN order and it is
made only of G3 and G4 terms,
η1 =
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Appendix C: The 4PN mass quadrupole as a function of the potentials
1. Nomenclature of terms and conventions
In d dimensions, the mass-type quadrupole moment is given by Eq. (2.9) for ℓ = 2. The
first three terms of (2.9) will be denoted respectively by Sij , Vij and Tij with S, V and
T standing for scalar, vector and tensor. We recall that the fourth term in (2.9) does not
contribute. Thus we write
Iij = Sij + Vij + Tij . (C1)
Furthermore, we know from the series expansion (2.13) that each term S, V and T corre-
sponds to a finite sum at 4PN order indexed by the integer k in (2.13). At the 4PN order
this sum has 5 elements (k = 0, 1, 2, 3, 4) for S, 4 elements for V and 3 for T . We denote
these terms using capital roman numerals hence
S = SI + SII + SIII + SIV + SV , (C2a)
V = V I + V II + V III + V IV , (C2b)
T = T I + T II + T III . (C2c)
In our notation we forget about the always understood quadrupole indices ij, and in practi-
cal calculations we let these two indices to be free, being understood that at the end of the
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calculation the STP projection must be applied. Since there are poles ∝ 1/ε it is crucial
to apply the STF projection in d dimensions, i.e. Tˆ ij = T ij − 1
d
δijT kk. However, alterna-
tively, one can wait till the end of the calculation when the poles have been removed by
the appropriate shifts [see Appendix B] and apply finally the usual STF projection in 3
dimensions.
In addition, each of these terms contains non-compact support terms which we denote
with the suffix NC (such as SINC), compact support terms (suffix C) and surface terms of
two sorts, either surface Laplacian terms (SL) or surface divergence terms (SD). Hence we
shall write for the term SI:
SI = SIC + SINC + SISL + SISD , (C3)
and similarly for the other terms. Finally we shall indicate the different PN pieces with the
index nPN, it being understood that the term is to be multiplied by the appropriate factor
1/c2n. For simplicity we omit writing the finite part integral FPB=0
∫
ddx(r/r0)
B in front of
each terms, and we also do not write the necessary time derivatives (d/dt)2k present in the
series expansion, see Eq. (2.13). Also we do not write the terms that are equal to zero. All
the non-compact and surface terms shown below have to be divided by a factor Gπ. Remind
also our notation (3.8) for the terms involving super-potentials, for instance Ψ∂abVij or Ψ
∂aV
ijk .
2. Exhaustive list of terms
We exhaustively provide all the terms composing the 4PN quadrupole moment following
this nomenclature and conventions. We start with the list of compact (C) terms.
SIC0PN =
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(d− 2)2 V σabΨ
∂abV
ij −
8(d− 1)
(d− 2)3 V σbbΨ
∂aaV
ij ,
SIC4PN =
((d− 3)(d− 1)(3d3 − 23d2 + 55d− 43)
3(d− 2)5 V
4σ +
4(d− 1)(2d2 − 13d+ 19)
(d− 2)3 V VaVaσ
− 4(d− 3)(d− 1)
2
(d− 2)3 V
2Wˆσ − (d− 1)(d+ 2)
(d− 2)2 WˆabWˆabσ −
8(d− 8)(d− 1)
(d− 2)2 RˆaVaσ
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+
4(d− 3)(d− 1)(3d− 7)
(d− 2)3 V Xˆσ +
8(d− 1)2
(d− 2)2 V Zˆσ −
16(d− 3)(d− 1)
(d− 2)2 Tˆ σ −
16(d− 1)
(d− 2)2 Mˆσ
+
4(3d3 − 25d2 + 71d− 65)
(d− 2)3 V
2Vaσa − 8(d− 3)
d− 2 VaWˆσa +
8(d− 3)
d− 2 VaWˆabσb
− 8(2d
2 − 13d+ 19)
(d− 2)2 RˆaV σa +
16(d− 3)
d− 2 Yˆaσa +
2(d− 1)(5d2 − 37d+ 56)
3(d− 2)4 V
3σaa +
8(d− 3)
d− 2 VaVbσab
+
8(d− 3)
(d− 2)2 VaVaσbb −
2(d2 − d− 8)
(d− 2)2 V Wˆabσab +
2d(d− 1)
(d− 2)3 V Wˆσaa +
8(d− 1)
(d− 2)2 Xˆσaa +
16
d− 2 Zˆabσab
+
(d− 3)(d− 1)(11d3 − 76d2 + 175d− 142)
(d− 2)5 KV
2σ +
(d− 3)2(d− 1)(7d2 − 33d+ 42)
(d− 2)5 K
2σ
− 4(d− 3)(d− 1)
2
(d− 2)3 KWˆσ +
16(d− 3)(d2 − 5d+ 8)
(d− 2)3 KVaσa +
16(d− 3)2(d− 1)
(d− 2)4 KV σaa
)
xˆij
− 8(d− 5)(d− 1)
2
(d− 2)3 V σΨ
∂aVb
ij ∂bVa −
8(d− 5)(d− 1)2
(d− 2)3 VaσΨ
∂aVb
ij ∂bV −
8(d− 5)(d− 1)2
(d− 2)3 V VaΨ
∂aVb
ij ∂bσ
+
16(d− 1)2
(d− 2)2 σΨ
∂aVb
ij ∂bRˆa +
16(d− 1)2
(d− 2)2 RˆaΨ
∂aVb
ij ∂bσ +
4(d− 5)(d− 1)2
(d− 2)3 V VaσΨ
∂taV
ij
− 8(d− 1)
2
(d− 2)2 RˆaσΨ
∂taV
ij −
(d− 3)2(d− 1)2
(d− 2)4 V
3σΨ∂aaVij +
8(d− 1)2
(d− 2)2 VaVbσΨ
∂abV
ij
− 4(d− 1)
2
(d− 2)2 VbVbσΨ
∂aaV
ij −
2(d− 1)2
(d− 2)2 XˆσΨ
∂aaV
ij +
32(d− 3)(d− 1)
(d− 2)3 V
2Ψ∂aVbij ∂bσa
+
64(d− 3)(d− 1)
(d− 2)3 V σaΨ
∂aVb
ij ∂bV −
16(d− 1)
d− 2 WˆakΨ
∂kVb
ij ∂bσa −
16(d− 1)
d− 2 σaΨ
∂bVk
ij ∂kWˆab
− 16(d− 3)(d− 1)
(d− 2)3 V
2σaΨ
∂taV
ij +
8(d− 1)
d− 2 WˆabσaΨ
∂tbV
ij +
8(d− 5)(d− 1)
(d− 2)2 V VaσbΨ
∂abV
ij
− 8(d− 4)(d− 1)
(d− 2)2 V VbσbΨ
∂aaV
ij −
16(d− 1)
d− 2 RˆaσbΨ
∂abV
ij +
8(d− 1)
d− 2 RˆbσbΨ
∂aaV
ij
− 16(d− 1)
(d− 2)2 σkkΨ
∂aVb
ij ∂bVa −
16(d− 1)
d− 2 σakΨ
∂kVb
ij ∂bVa −
16(d− 1)
d− 2 VaΨ
∂bVk
ij ∂kσab
− 16(d− 1)
(d− 2)2 VaΨ
∂aVb
ij ∂bσkk +
8(d− 1)
(d− 2)2 VaσbbΨ
∂taV
ij +
8(d− 1)
d− 2 VaσabΨ
∂tbV
ij +
16(d− 1)
(d− 2)3 V
2σabΨ
∂abV
ij
− 2(d− 1)
2
(d− 2)3 V
2σbbΨ
∂aaV
ij +
8(d− 1)
d− 2 WˆabσakΨ
∂bkV
ij −
2(d− 1)
d− 2 WˆkaσkaΨ
∂bbV
ij +
2(d− 1)
(d− 2)2 WˆσkkΨ
∂aaV
ij
− 4(d− 3)
2(d− 1)2
(d− 2)4 KV σΨ
∂aaV
ij −
16(d− 5)(d− 3)(d− 1)
(d− 2)3 KΨ
∂aVb
ij ∂bσa
− 16(d− 5)(d− 3)(d− 1)
(d− 2)3 σaΨ
∂aVb
ij ∂bK +
8(d− 5)(d− 3)(d− 1)
(d− 2)3 KσaΨ
∂taV
ij
− 16(d− 3)(d− 1)
(d− 2)3 KσabΨ
∂abV
ij ,
SIIC1PN =
(d− 1)
4(d− 2)(d+ 4)r
2xˆijσ,
SIIC2PN =
(d− 1)
(d− 2)2(d+ 4)r
2V xˆijσ,
SIIC3PN =
( 2(d− 1)
(d− 2)3(d+ 4)V
2 +
(d− 1)
2(d− 2)(d+ 4)Wˆ −
2(d− 3)(d− 1)
(d− 2)3(d+ 4)K
)
r2xˆijσ,
SIIC4PN =
( 8(d− 1)
3(d− 2)4(d+ 4)V
3 +
4(d− 1)
(d− 2)2(d+ 4)VaVa +
2(d− 1)
(d− 2)2(d+ 4)V Wˆ +
4(d− 1)
(d− 2)2(d+ 4)Xˆ
+
2(d− 1)
(d− 2)(d+ 4) Zˆ −
8(d− 3)(d− 1)
(d− 2)4(d+ 4)KV
)
r2xˆijσ,
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SIIIC2PN =
(d− 1)
16(d− 2)(d+ 4)(d+ 6)r
4xˆijσ,
SIIIC3PN =
(d− 1)
4(d− 2)2(d+ 4)(d+ 6)r
4V xˆijσ,
SIIIC4PN =
( (d− 1)
2(d− 2)3(d+ 4)(d+ 6)V
2 +
(d− 1)
8(d− 2)(d+ 4)(d+ 6)Wˆ −
(d− 3)(d− 1)
2(d− 2)3(d+ 4)(d+ 6)K
)
r4xˆijσ,
SIVNC4PN = − (d− 1)
2
192(d− 2)2(d+ 4)(d+ 6)(d+ 8)r
6xˆij∂aV ∂aV
SVC4PN =
(d− 1)
768(d− 2)(d+ 4)(d+ 6)(d+ 8)(d+ 10)r
8xˆijσ,
V IC1PN = − 2(d− 1)(d+ 2)
d(d − 2)(d+ 4) xˆijaσa,
V IC2PN =
(2(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)Vaσ +
2(d− 5)(d− 1)(d+ 2)
d(d− 2)2(d+ 4) V σa
)
xˆija,
V IC3PN =
(
−4(d− 3)(d− 1)
2(d+ 2)
d(d− 2)3(d+ 4) V Vaσ +
4(d− 1)2(d+ 2)
d(d − 2)2(d+ 4) Rˆaσ −
(d− 5)2(d− 1)(d+ 2)
d(d− 2)3(d+ 4) V
2σa
− 4(d− 1)(d+ 2)
d(d − 2)(d+ 4) Wˆabσb −
4(d− 1)(d+ 2)
d(d − 2)(d+ 4)Vbσab −
4(d− 1)(d+ 2)
d(d− 2)2(d+ 4)Vaσbb
− 4(d− 5)(d− 3)(d− 1)(d+ 2)
d(d− 2)3(d+ 4) Kσa
)
xˆija −
(4(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)σ∂bVa +
4(d− 1)3(d+ 2)
d(d − 2)3(d+ 4)Va∂bσ
+
4(d− 5)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) σa∂bV +
4(d− 5)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) V ∂bσa
)
Ψ∂aVijb ,
V IC4PN =
(
−16(d− 1)
2(d+ 2)
d(d− 2)3(d+ 4) V
2Vaσ − 4(d− 5)(d− 1)
2(d+ 2)
d(d− 2)3(d+ 4) RˆaV σ +
8(d− 1)2(d+ 2)
d(d− 2)2(d+ 4) Yˆaσ
− 2(d− 1)(d+ 2)(3d
3 − 9d2 − 15d+ 53)
3d(d− 2)4(d+ 4) V
3σa +
24(d− 1)(d+ 2)
d(d− 2)(d+ 4) VaVbσb
+
4(d− 8)(d− 1)(d+ 2)
d(d− 2)2(d+ 4) VbVbσa +
4(d− 5)(d− 1)(d+ 2)
d(d− 2)2(d+ 4) V Wˆabσb +
8(d− 5)(d− 1)(d+ 2)
d(d− 2)2(d+ 4) Xˆσa
− 16(d− 1)(d+ 2)
d(d− 2)(d+ 4) Zˆabσb −
16(d− 1)(d+ 2)
d(d − 2)2(d+ 4) V Vbσab +
8(d− 3)(d− 1)(d+ 2)
d(d− 2)3(d+ 4) V Vaσbb
− 8(d− 1)(d+ 2)
d(d − 2)(d+ 4) Rˆbσab −
8(d− 1)(d+ 2)
d(d− 2)2(d+ 4) Rˆaσbb +
8(d− 3)2(d− 1)2(d+ 2)
d(d− 2)4(d+ 4) KVaσ
+
4(d− 5)2(d− 3)(d− 1)(d+ 2)
d(d− 2)4(d+ 4) KV σa
)
xˆija +
4(d− 5)(d− 1)3(d+ 2)
d(d− 2)4(d+ 4) VaσΨ
∂aV
ijb ∂bV
+
4(d− 5)(d− 1)3(d+ 2)
d(d− 2)4(d+ 4) V σΨ
∂aV
ijb ∂bVa +
4(d− 5)(d− 1)3(d+ 2)
d(d− 2)4(d+ 4) V VaΨ
∂aV
ijb ∂bσ
− 8(d− 1)
3(d+ 2)
d(d − 2)3(d+ 4)σΨ
∂aV
ijb ∂bRˆa −
8(d− 1)3(d+ 2)
d(d− 2)3(d+ 4) RˆaΨ
∂aV
ijb ∂bσ
− 32(d− 3)(d− 1)
2(d+ 2)
d(d− 2)4(d+ 4) V σaΨ
∂aV
ijb ∂bV −
16(d− 3)(d− 1)2(d+ 2)
d(d− 2)4(d+ 4) V
2Ψ∂aVijb ∂bσa
+
8(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)WˆakΨ
∂kV
ijb ∂bσa +
8(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)σaΨ
∂bV
ijk ∂kWˆab
+
8(d− 1)2(d+ 2)
d(d − 2)3(d+ 4)σkkΨ
∂aV
ijb ∂bVa +
8(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)σakΨ
∂kV
ijb ∂bVa +
8(d− 1)2(d+ 2)
d(d − 2)3(d+ 4)VaΨ
∂aV
ijk ∂kσbb
+
8(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)VaΨ
∂bV
ijk ∂kσab +
8(d− 5)(d− 3)(d− 1)2(d+ 2)
d(d− 2)4(d+ 4) σaΨ
∂aV
ijb ∂bK
+
8(d− 5)(d− 3)(d− 1)2(d+ 2)
d(d− 2)4(d+ 4) KΨ
∂aV
ijb ∂bσa,
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V IIC2PN = − (d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)r
2xˆijaσa,
V IIC3PN = − 4(d− 1)(d+ 2)
d(d− 2)2(d+ 4)(d+ 6)r
2V xˆijaσa,
V IIC4PN =
(
− 8(d− 1)(d+ 2)
d(d− 2)3(d+ 4)(d+ 6)V
2 − 2(d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)Wˆ +
8(d− 3)(d− 1)(d+ 2)
d(d− 2)3(d+ 4)(d+ 6)K
)
r2xˆijaσa,
V IIIC3PN = − (d− 1)(d+ 2)
4d(d− 2)(d+ 4)(d+ 6)(d+ 8)r
4xˆijaσa,
V IIIC4PN = − (d− 1)(d+ 2)
d(d− 2)2(d+ 4)(d+ 6)(d+ 8)r
4V xˆijaσa,
V IVC4PN = − (d− 1)(d+ 2)
24d(d− 2)(d+ 4)(d+ 6)(d+ 8)(d+ 10)r
6xˆijaσa,
T IC2PN =
(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6) xˆijabσab,
T IC3PN =
4(d− 1)(d+ 2)
d(d− 2)2(d+ 1)(d+ 6)V xˆijabσab,
T IC4PN =
( 8(d− 1)(d+ 2)
d(d− 2)3(d+ 1)(d+ 6)V
2 − 8(d− 3)(d− 1)(d+ 2)
d(d− 2)3(d+ 1)(d+ 6)K +
2(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)Wˆ
− 8(d− 3)(d− 1)(d+ 2)
d(d− 2)3(d+ 1)(d+ 6)K
)
xˆijabσab,
T IIC3PN =
(d− 1)(d+ 2)
2d(d− 2)(d+ 1)(d+ 6)(d+ 8)r
2xˆijabσab,
T IIC4PN =
2(d− 1)(d+ 2)
d(d− 2)2(d+ 1)(d+ 6)(d+ 8)r
2V xˆijabσab,
T IIIC4PN =
(d− 1)(d+ 2)
8d(d− 2)(d+ 1)(d+ 6)(d+ 8)(d+ 10)r
4xˆijabσab.
Next we present the long list of the non-compact (NC) support terms. Remind that all the
terms have to be divided by a factor Gπ.
SINC2PN =
( (d− 4)(d− 1)2
8(d− 2)3 (∂tV )
2 − (d− 1)
d− 2 Va∂t∂aV +
(d− 1)
d− 2 ∂aVb∂bVa
)
xˆij +
(d− 1)2
4(d− 2)2Ψ
∂abV
ij ∂aV ∂bV,
SINC3PN =
( (d− 4)(d− 1)3
4(d− 2)4 (∂tV )
2V − (d− 1)
2
(d− 2)2V Va∂t∂aV −
d(d − 1)2
2(d− 2)3 Va∂tV ∂aV +
2
d− 2∂tVa∂tVa
− (d− 3)
d− 2 Va∂
2
t Va −
2(d− 1)2
(d− 2)2 Va∂bVa∂bV +
(d− 1)
2(d− 2)∂tV ∂tWˆ +
(d− 1)
4(d− 2)Wˆ∂
2
t V +
(d− 1)
4(d− 2)V ∂
2
t Wˆ
+
2(d− 1)
d− 2 ∂tWˆab∂bVa −
(d− 4)(d− 3)(d− 1)2
2(d− 2)4 ∂tK∂tV +
2(d− 3)(d− 1)
(d− 2)2 Va∂t∂aK
+
(d− 3)(d− 1)
(d− 2)2 Wˆab∂baK
)
xˆij − d(d− 1)
2
(d− 2)3 Ψ
∂aVb
ij ∂t∂bV ∂aV −
d(d− 1)2
(d− 2)3 Ψ
∂aVb
ij ∂tV ∂baV
− 4(d− 1)
2
(d− 2)2 Ψ
∂bVk
ij ∂bVa∂kaV −
4(d− 1)2
(d− 2)2 Ψ
∂bVk
ij ∂aV ∂kbVa +
d(d − 1)2
2(d− 2)3Ψ
∂taV
ij ∂tV ∂aV
+
2(d− 1)2
(d− 2)2 Ψ
∂tbV
ij ∂aV ∂bVa +
d(d− 1)2
4(d− 2)4Ψ
∂aaV
ij (∂tV )
2 +
2(d− 1)2
(d− 2)2 Ψ
∂abV
ij ∂tVb∂aV
− 2(d− 1)
(d− 2)2Ψ
∂bbV
ij ∂aVk∂kVa +
2(d− 1)
(d− 2)2Ψ
∂bbV
ij ∂aVk∂aVk −
2(d− 1)
d− 2 Ψ
∂akV
ij ∂bVk∂bVa
− 2(d− 1)
d− 2 Ψ
∂bkV
ij ∂bVa∂kVa +
4(d− 1)
d− 2 Ψ
∂akV
ij ∂bVa∂kVb −
(d− 1)
2(d− 2)Ψ
∂abV
ij ∂
2
t Wˆab
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− (d− 3)(d− 1)
2
(d− 2)3 Ψ
∂abV
ij ∂aK∂bV,
SINC4PN =
( (d− 1)3
4(d− 2)3 (∂tV )
2V 2 − (d− 1)
3
4(d− 2)3V
3∂2t V −
(d− 1)2(2d− 3)
(d− 2)3 V
2Va∂t∂aV
− d(d− 1)
2(2d− 5)
2(d− 2)4 V Va∂tV ∂aV +
(d− 1)3
(d− 2)3V
2∂tVa∂aV − 2(d− 1)(d
2 − 5d+ 8)
(d− 2)3 Va∂tV ∂tVa
+
4(d− 1)
(d− 2)2 V ∂tVa∂tVa −
2(d− 3)(d− 1)
(d− 2)2 V Va∂
2
t Va −
(d− 1)2
(d− 2)3VaVb∂aV ∂bV
+
6(d− 1)2
(d− 2)3 V Va∂aVb∂bV −
(d− 3)(d− 1)
2(d− 2)2 VaVa∂bV ∂bV +
(d− 1)2(3d− 7)
(d− 2)3 V
2∂aVb∂bVa
− (d− 4)(d− 1)
2
(d− 2)3 V
2∂bVa∂bVa − 8(d− 1)
d− 2 Va∂tVb∂bVa +
(d− 1)2
2(d− 2)2 (∂tV )
2Wˆ +
(d− 1)2
(d− 2)2V ∂tV ∂tWˆ
+
(d− 1)2
2(d− 2)2V Wˆ∂
2
t V +
(d− 1)2
4(d− 2)2V
2∂2t Wˆ −
(d− 1)2
2(d− 2)2V
2Wˆab∂baV − d(d− 1)
2
4(d− 2)3 V Wˆab∂aV ∂bV
+
2(d− 1)
d− 2 VaWˆab∂t∂bV +
2(d− 1)2
(d− 2)2 V ∂tWˆab∂bVa +
4(d− 3)
d− 2 Va∂bWˆ∂bVa +
2(d− 3)
d− 2 Wˆ∂bVa∂bVa
− 4(d− 1)
d− 2 Wˆai∂bVa∂iVb +
4(d− 1)
d− 2 Va∂aWˆbi∂iVb −
4(d− 1)
d− 2 Va∂iWˆab∂iVb +
(d− 3)
2(d− 2)∂tWˆab∂tWˆab
+
1
2(d− 2)(∂tWˆ )
2 − 1
d− 2Wˆab∂
2
t Wˆab +
1
2(d− 2)Wˆ∂
2
t Wˆ +
d(d− 1)
(d− 2)2 Wˆbi∂aWˆbi∂aV
+
(d− 1)
d− 2 WˆaiWˆab∂ibV +
d(d− 1)
2(d− 2)2V ∂iWˆab∂iWˆab −
2(d− 1)2
(d− 2)2 RˆaV ∂t∂aV −
d(d− 1)2
(d− 2)3 Rˆa∂tV ∂aV
+
8
d− 2∂tRˆa∂tVa −
2(d− 3)
d− 2 Va∂
2
t Rˆa −
2(d− 3)
d− 2 Rˆa∂
2
t Va −
4(d− 1)
d− 2 RˆaVb∂baV
− 12(d− 1)
(d− 2)2 Va∂bV ∂bRˆa +
4(d− 4)(d− 1)
(d− 2)2 V ∂bVa∂bRˆa −
12(d− 1)
(d− 2)2 Rˆa∂bVa∂bV
+
4(d− 1)
d− 2 ∂tWˆab∂bRˆa +
4(d− 1)
d− 2 ∂aRˆb∂bRˆa +
(d− 4)(d− 1)2
(d− 2)3 ∂tV ∂tXˆ −
(d− 1)2
(d− 2)2 Xˆ∂aV ∂aV
− 2(d− 1)
2
(d− 2)2 V ∂aXˆ∂aV −
4(d− 1)
d− 2 Va∂t∂aXˆ −
2(d− 1)
d− 2 Wˆab∂baXˆ +
2(d− 1)
d− 2 ∂tV ∂tZˆ
+
(d− 1)
d− 2 Zˆ∂
2
t V +
(d− 1)
d− 2 V ∂
2
t Zˆ −
2(d− 1)2
(d− 2)2 Zˆ∂aV ∂aV −
4(d− 1)2
(d− 2)2 V ∂aZˆ∂aV
+
8(d− 1)
d− 2 ∂tZˆab∂bVa −
(d− 3)2(d− 1)2(3d− 4)
2(d− 2)5 V ∂aK∂aK −
(d− 3)2(d− 1)2(3d− 4)
(d− 2)5 K∂aV ∂aK
− (d− 4)(d− 3)(d− 1)
3
2(d− 2)5 K(∂tV )
2 − (d− 4)(d− 3)(d− 1)
3
(d− 2)5 V ∂tK∂tV
+
(d− 4)(d− 3)2(d− 1)2
2(d− 2)5 (∂tK)
2 +
2(d− 3)(d− 1)2
(d− 2)3 V Va∂t∂aK +
2(d− 3)(d− 1)2
(d− 2)3 KVa∂t∂aV
+
d(d− 3)(d− 1)2
(d− 2)4 Va∂tV ∂aK +
d(d− 3)(d− 1)2
(d− 2)4 Va∂tK∂aV −
2(d− 3)(d− 1)2
(d− 2)3 K∂bVa∂bVa
− (d− 3)(d− 1)
(d− 2)2 ∂tK∂tWˆ −
(d− 3)(d− 1)
2(d− 2)2 Wˆ∂
2
tK −
(d− 3)(d− 1)
2(d− 2)2 K∂
2
t Wˆ
+
2(d− 3)(d− 1)2
(d− 2)3 Wˆ∂aV ∂aK +
2(d− 3)(d− 1)2
(d− 2)3 V ∂aWˆ∂aK +
2(d− 3)(d− 1)2
(d− 2)3 K∂aWˆ∂aV
+
4(d− 3)(d− 1)
(d− 2)2 Rˆa∂t∂aK +
4(d− 3)(d− 1)
(d− 2)2 Zˆab∂baK
)
xˆij − d(d− 1)
3
(d− 2)4 VΨ
∂aVb
ij ∂t∂bV ∂aV
− d(d− 1)
3
(d− 2)4 Ψ
∂aVb
ij ∂tV ∂aV ∂bV −
d(d− 1)3
(d− 2)4 VΨ
∂aVb
ij ∂tV ∂baV +
4(d− 1)2
(d− 2)2 VΨ
∂aVb
ij ∂
2
t ∂bVa
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+
4(d− 1)2
(d− 2)2 Ψ
∂bVa
ij ∂
2
t Vb∂aV −
2d(d− 1)2
(d− 2)3 VaΨ
∂bVk
ij ∂bV ∂kaV −
2d(d− 1)2
(d− 2)3 VbΨ
∂kVa
ij ∂bV ∂kaV
− 2d(d− 1)
2
(d− 2)3 Ψ
∂bVk
ij ∂aV ∂bV ∂kVa −
4(d− 1)3
(d− 2)3 Ψ
∂kVb
ij ∂aVk∂aV ∂bV −
4(d− 1)3
(d− 2)3 VΨ
∂bVk
ij ∂aV ∂kaVb
− 4(d− 1)
3
(d− 2)3 VΨ
∂aVk
ij ∂bVa∂kbV +
16(d− 1)
d− 2 VaΨ
∂bVk
ij ∂t∂kaVb +
16(d− 1)
d− 2 Ψ
∂kVb
ij ∂t∂aVk∂bVa
− 4(d− 1)
2
(d− 2)2 Ψ
∂bVk
ij ∂t∂kWˆab∂aV −
4(d− 1)2
(d− 2)2 Ψ
∂aVb
ij ∂tWˆak∂kbV +
8(d− 1)
d− 2 WˆabΨ
∂kVl
ij ∂lbaVk
+
8(d− 1)
d− 2 Ψ
∂kVl
ij ∂bVa∂lkWˆab −
8(d− 1)
d− 2 Ψ
∂kVl
ij ∂bVa∂laWˆbk +
8(d− 1)
d− 2 Ψ
∂aVb
ij ∂aWˆkl∂lbVk
− 8(d− 1)
d− 2 Ψ
∂aVb
ij ∂kWˆal∂lbVk +
8(d− 1)
d− 2 Ψ
∂aVb
ij ∂bWˆkl∂lkVa +
4(d− 1)
d− 2 Ψ
∂aVb
ij ∂
2
t ∂bRˆa
− 8(d− 1)
2
(d− 2)2 Ψ
∂bVk
ij ∂bRˆa∂kaV −
8(d− 1)2
(d− 2)2 Ψ
∂bVk
ij ∂aV ∂kbRˆa +
d(d− 1)3
2(d− 2)4 VΨ
∂taV
ij ∂tV ∂aV
− 2(d− 1)
2
(d− 2)2 VΨ
∂taV
ij ∂
2
t Va +
d(d − 1)2
(d− 2)3 VbΨ
∂taV
ij ∂aV ∂bV +
2(d− 1)3
(d− 2)3 VΨ
∂tbV
ij ∂aVb∂aV
− 8(d− 1)
d− 2 VaΨ
∂tbV
ij ∂t∂aVb +
2(d− 1)2
(d− 2)2 Ψ
∂tbV
ij ∂tWˆab∂aV −
4(d− 1)
d− 2 WˆabΨ
∂tkV
ij ∂baVk
− 4(d− 1)
d− 2 Ψ
∂tkV
ij ∂bVa∂kWˆab +
4(d− 1)
d− 2 Ψ
∂tkV
ij ∂aWˆbk∂bVa −
2(d− 1)
d− 2 Ψ
∂taV
ij ∂
2
t Rˆa
+
4(d− 1)2
(d− 2)2 Ψ
∂tbV
ij ∂aV ∂bRˆa −
d(d− 1)3
8(d− 2)4 VΨ
∂aaV
ij (∂tV )
2 +
(d− 1)3
4(d− 2)3V
2Ψ∂aaVij ∂
2
t V
+
(d− 1)2
(d− 2)2V VbΨ
∂aaV
ij ∂t∂bV +
(d− 1)2
2(d− 2)2VbΨ
∂aaV
ij ∂tV ∂bV −
(d− 1)3
(d− 2)3VΨ
∂aaV
ij ∂tVb∂bV
+
2(d− 1)3
(d− 2)3 VΨ
∂abV
ij ∂tVb∂aV −
(d− 1)2
(d− 2)2VaΨ
∂abV
ij ∂tV ∂bV +
4(d− 1)
d− 2 Ψ
∂abV
ij ∂tVa∂tVb
+
4(d− 1)2
(d− 2)2 VaΨ
∂bkV
ij ∂aVk∂bV −
4(d− 1)2
(d− 2)2 VaΨ
∂akV
ij ∂bVk∂bV −
(d− 1)2
(d− 2)2VΨ
∂bbV
ij ∂aVk∂kVa
− (d− 1)
2
(d− 2)2VΨ
∂abV
ij ∂
2
t Wˆab +
(d− 1)2
2(d− 2)2VΨ
∂aaV
ij ∂
2
t Wˆ +
(d− 1)2
2(d− 2)2V WˆkaΨ
∂bbV
ij ∂kaV
− (d− 1)
2
(d− 2)2 WˆakΨ
∂bkV
ij ∂aV ∂bV +
(d− 1)2
4(d− 2)2 WˆkaΨ
∂bbV
ij ∂aV ∂kV −
4(d− 1)
d− 2 VaΨ
∂bkV
ij ∂t∂aWˆbk
+
2(d− 1)
d− 2 VbΨ
∂aaV
ij ∂t∂bWˆ +
2(d− 1)
d− 2 Ψ
∂bbV
ij ∂tWˆka∂aVk −
4(d− 1)
d− 2 Ψ
∂bkV
ij ∂tWˆak∂bVa
+
4(d− 1)
d− 2 Ψ
∂akV
ij ∂tWˆbk∂bVa +
(d− 1)
d− 2 Ψ
∂klV
ij ∂kWˆab∂lWˆab −
2(d− 1)
d− 2 WˆabΨ
∂klV
ij ∂baWˆkl
+
(d− 1)
d− 2 WˆkaΨ
∂bbV
ij ∂kaWˆ −
4(d− 1)
d− 2 Ψ
∂blV
ij ∂kWˆab∂lWˆak +
2(d− 1)
d− 2 Ψ
∂blV
ij ∂aWˆkl∂kWˆab
+
(d− 1)
d− 2 Ψ
∂llV
ij ∂bWˆak∂kWˆab −
2(d− 1)2
(d− 2)2 Ψ
∂aaV
ij ∂tRˆb∂bV +
4(d− 1)2
(d− 2)2 Ψ
∂abV
ij ∂tRˆb∂aV
− 4(d− 1)
d− 2 Ψ
∂bbV
ij ∂aRˆk∂kVa +
8(d− 1)
d− 2 Ψ
∂bkV
ij ∂aVk∂bRˆa −
8(d− 1)
d− 2 Ψ
∂bkV
ij ∂bRˆa∂kVa
+
8(d− 1)
d− 2 Ψ
∂akV
ij ∂bRˆa∂kVb +
2(d− 1)2
(d− 2)2 Ψ
∂abV
ij ∂aV ∂bXˆ −
2(d− 1)
d− 2 Ψ
∂abV
ij ∂
2
t Zˆab
+
2d(d− 3)(d− 1)2
(d− 2)4 Ψ
∂aVb
ij ∂t∂bV ∂aK +
2d(d− 3)(d− 1)2
(d− 2)4 Ψ
∂aVb
ij ∂t∂bK∂aV
+
2d(d− 3)(d− 1)2
(d− 2)4 Ψ
∂aVb
ij ∂tV ∂baK +
2d(d− 3)(d− 1)2
(d− 2)4 Ψ
∂aVb
ij ∂tK∂baV
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+
8(d− 3)(d− 1)2
(d− 2)3 Ψ
∂bVk
ij ∂bVa∂kaK +
8(d− 3)(d− 1)2
(d− 2)3 Ψ
∂bVk
ij ∂aK∂kbVa
− d(d− 3)(d− 1)
2
(d− 2)4 Ψ
∂taV
ij ∂tV ∂aK −
d(d− 3)(d− 1)2
(d− 2)4 Ψ
∂taV
ij ∂tK∂aV
− 4(d− 3)(d− 1)
2
(d− 2)3 Ψ
∂tbV
ij ∂aK∂bVa +
(d− 3)2(d− 1)2
(d− 2)4 Ψ
∂abV
ij ∂aK∂bK
+
d(d− 3)(d− 1)2
2(d− 2)4 Ψ
∂aaV
ij ∂tK∂tV +
2(d− 3)(d− 1)2
(d− 2)3 Ψ
∂aaV
ij ∂tVb∂bK
− 4(d− 3)(d− 1)
2
(d− 2)3 Ψ
∂abV
ij ∂tVb∂aK,
SIINC2PN = − (d− 1)
2
8(d− 2)2(d+ 4)r
2xˆij∂aV ∂aV,
SIINC3PN =
( (d− 4)(d− 1)2
16(d− 2)3(d+ 4)(∂tV )
2 − (d− 1)
2
8(d− 2)2(d+ 4)V ∂
2
t V −
(d− 1)2(3d− 2)
16(d− 2)3(d+ 4)V ∂aV ∂aV
− (d− 1)
2(d− 2)(d+ 4)Va∂t∂aV +
(d− 1)
2(d− 2)(d+ 4)∂aVb∂bVa +
(d− 3)
2(d− 2)(d+ 4)∂bVa∂bVa
− (d− 1)
4(d− 2)(d+ 4)∂aWˆ∂aV −
(d− 1)
4(d− 2)(d+ 4)Wˆab∂baV +
(d− 3)(d− 1)2
2(d− 2)3(d+ 4)∂aV ∂aK
)
r2xˆij ,
SIINC4PN =
( (d− 1)2(d2 − 8d+ 8)
16(d− 2)4(d+ 4) (∂tV )
2V − 3(d− 1)
3
8(d− 2)3(d+ 4)V
2∂2t V −
(d− 1)3(3d− 2)
16(d− 2)4(d+ 4)V
2∂aV ∂aV
− 3(d− 1)
2
2(d− 2)2(d+ 4)V Va∂t∂aV −
d(d − 1)
2(d− 2)2(d+ 4)Va∂tV ∂aV +
(d− 1)2
2(d− 2)2(d+ 4)V ∂tVa∂aV
+
1
(d− 2)(d+ 4)∂tVa∂tVa −
(d− 3)(d− 1)
(d− 2)2(d+ 4)Va∂aVb∂bV +
(d− 5)(d− 1)
(d− 2)2(d+ 4)Va∂bVa∂bV
+
3(d− 1)
2(d− 2)(d+ 4)V ∂aVb∂bVa +
(d− 1)
2(d− 2)(d+ 4)V ∂bVa∂bVa +
(d− 1)
4(d− 2)(d+ 4)∂tV ∂tWˆ
− (d− 1)(2d− 3)
8(d− 2)2(d+ 4)Wˆ∂aV ∂aV −
(d− 1)2
2(d− 2)2(d+ 4)V ∂aWˆ∂aV −
(d− 1)2
2(d− 2)2(d+ 4)V Wˆab∂baV
− (d− 1)
4(d− 2)2(d+ 4)Wˆab∂aV ∂bV +
(d− 1)
(d− 2)(d+ 4)∂tWˆab∂bVa −
1
4(d− 2)(d+ 4)∂aWˆ∂aWˆ
+
1
2(d− 2)(d+ 4)∂iWˆab∂iWˆab −
(d− 1)
(d− 2)(d+ 4) Rˆa∂t∂aV +
2(d− 1)
(d− 2)(d+ 4)∂aVb∂bRˆa
+
2(d− 3)
(d− 2)(d+ 4)∂bVa∂bRˆa −
(d− 1)2
(d− 2)2(d+ 4)∂aXˆ∂aV −
(d− 1)
(d− 2)(d+ 4)∂aZˆ∂aV
− (d− 1)
(d− 2)(d+ 4) Zˆab∂baV −
(d− 4)(d− 3)(d− 1)2
4(d− 2)4(d+ 4) ∂tK∂tV +
(d− 3)(d− 1)2
4(d− 2)3(d+ 4)V ∂
2
tK
+
(d− 3)(d− 1)2
4(d− 2)3(d+ 4)K∂
2
t V +
(d− 3)(d− 1)2(3d− 2)
4(d− 2)4(d+ 4) V ∂aV ∂aK
+
(d− 3)(d− 1)2(3d− 2)
8(d− 2)4(d+ 4) K∂aV ∂aV −
(d− 3)2(d− 1)2
2(d− 2)4(d+ 4)∂aK∂aK +
(d− 3)(d− 1)
(d− 2)2(d+ 4)Va∂t∂aK
+
(d− 3)(d− 1)
2(d− 2)2(d+ 4)∂aWˆ∂aK +
(d− 3)(d− 1)
2(d− 2)2(d+ 4)Wˆab∂baK
)
r2xˆij ,
SIIINC3PN = − (d− 1)
2
32(d− 2)2(d+ 4)(d+ 6)r
4xˆij∂aV ∂aV,
SIIINC4PN =
( (d− 4)(d− 1)2
64(d− 2)3(d+ 4)(d+ 6)(∂tV )
2 − (d− 1)
2
32(d− 2)2(d+ 4)(d+ 6)V ∂
2
t V
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− (d− 1)
2(3d− 2)
64(d− 2)3(d+ 4)(d+ 6)V ∂aV ∂aV −
(d− 1)
8(d− 2)(d+ 4)(d+ 6)Va∂t∂aV
+
(d− 1)
8(d− 2)(d+ 4)(d+ 6)∂aVb∂bVa +
(d− 3)
8(d− 2)(d+ 4)(d+ 6)∂bVa∂bVa
− (d− 1)
16(d− 2)(d+ 4)(d+ 6)∂aWˆ∂aV −
(d− 1)
16(d− 2)(d+ 4)(d+ 6)Wˆab∂baV
+
(d− 3)(d− 1)2
8(d− 2)3(d+ 4)(d+ 6)∂aV ∂aK
)
r4xˆij ,
SIVNC4PN = − (d− 1)
2
192(d− 2)2(d+ 4)(d+ 6)(d+ 8)r
6xˆij∂aV ∂aV,
V INC2PN = −
( (d− 1)2(d+ 2)
4(d− 2)3(d+ 4)∂tV ∂aV +
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)∂aVb∂bV
)
xˆija,
V INC3PN =
(
− (d− 1)
3(d+ 2)
4(d− 2)4(d+ 4)V ∂tV ∂aV −
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)∂tV ∂tVa −
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)Va∂
2
t V
+
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)V ∂
2
t Va −
(d− 1)2(d+ 2)
2(d− 2)3(d+ 4)Vb∂aV ∂bV +
(d− 1)3(d+ 2)
2d(d− 2)3(d+ 4)Va∂bV ∂bV
+
4(d− 1)(d+ 2)
d(d− 2)(d+ 4)Vb∂t∂bVa −
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)∂tWˆab∂bV +
2(d− 1)(d+ 2)
d(d − 2)(d+ 4) Wˆbi∂ibVa
+
2(d− 1)(d+ 2)
d(d− 2)(d+ 4)∂aWˆbi∂iVb −
2(d− 1)(d+ 2)
d(d − 2)(d+ 4)∂bWˆai∂iVb +
(d− 3)(d− 1)2(d+ 2)
2(d− 2)4(d+ 4) ∂tV ∂aK
+
(d− 3)(d− 1)2(d+ 2)
2(d− 2)4(d+ 4) ∂tK∂aV +
2(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) ∂aVb∂bK
)
xˆija
+
(d− 1)3(d+ 2)
2(d− 2)4(d+ 4)Ψ
∂aV
ijb ∂t∂bV ∂aV +
(d− 1)3(d+ 2)
2(d− 2)4(d+ 4)Ψ
∂bV
ija ∂tV ∂baV
+
2(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)Ψ
∂bV
ijk ∂bVa∂kaV +
2(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)Ψ
∂kV
ijb ∂aV ∂kbVa,
V INC4PN =
(
− (d− 1)
2(d+ 2)
2d(d− 2)2(d+ 4)(∂tV )
2Va − (d− 1)
3(d+ 2)
d(d− 2)3(d+ 4)V ∂tV ∂tVa −
(d− 1)3(d+ 2)
2d(d− 2)3(d+ 4)V Va∂
2
t V
+
3(d− 1)3(d+ 2)
4d(d− 2)3(d+ 4)V
2∂2t Va −
(d− 1)4(d+ 2)
d(d− 2)4(d+ 4)V Vb∂aV ∂bV +
2(d− 1)4(d+ 2)
d(d− 2)4(d+ 4)V Va∂bV ∂bV
+
2(d− 1)4(d+ 2)
d(d− 2)4(d+ 4)V
2∂bVa∂bV +
4(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)V Vb∂t∂bVa +
2(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Vb∂tVa∂bV
− 4(d− 1)
2(d+ 2)
d(d− 2)3(d+ 4)Vb∂tVb∂aV +
2(d− 4)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) Vb∂tV ∂aVb +
4(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)Va∂tVb∂bV
− 4(d− 1)(d+ 2)
d(d− 2)(d+ 4)Vb∂aVi∂bVi −
4(d− 1)(d+ 2)
(d− 2)2(d+ 4) Vb∂aVi∂iVb +
4(d− 1)(d+ 2)
d(d − 2)(d+ 4)Vb∂bVi∂iVa
+
4(d− 1)(d+ 2)
d(d− 2)(d+ 4)Va∂bVi∂iVb −
2(d− 1)(d+ 2)
d(d − 2)(d+ 4)Va∂iVb∂iVb +
(d− 1)2(d+ 2)
2(d− 2)3(d+ 4)Wˆab∂tV ∂bV
− (d− 1)
3(d+ 2)
d(d− 2)3(d+ 4)V ∂tWˆab∂bV −
2(d− 1)(d+ 2)
d(d − 2)(d+ 4)∂tVa∂tWˆ −
(d− 1)(d+ 2)
d(d− 2)(d+ 4)Wˆ∂
2
t Va
+
(d− 1)(d+ 2)
d(d− 2)(d+ 4)Wˆab∂
2
t Vb +
(d− 1)(d+ 2)
d(d − 2)(d+ 4)Vb∂
2
t Wˆab −
(d− 1)(d+ 2)
d(d− 2)(d+ 4)Va∂
2
t Wˆ
+
2(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Wˆbi∂aVi∂bV −
2(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)Vb∂bWˆai∂iV +
2(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)Vb∂iWˆab∂iV
+
2(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Wˆai∂bV ∂iVb +
(d− 1)(d+ 2)
d(d − 2)(d+ 4)∂tWˆbi∂aWˆbi −
2(d− 1)(d+ 2)
d(d− 2)(d+ 4)∂tWˆbi∂iWˆab
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− 2(d− 1)
2(d+ 2)
d(d− 2)2(d+ 4)∂tRˆa∂tV +
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)V ∂
2
t Rˆa −
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4) Rˆa∂
2
t V
− (d− 1)
2(d+ 2)
(d− 2)3(d+ 4) Rˆb∂aV ∂bV −
2(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)V ∂bV ∂bRˆa +
8(d− 1)(d+ 2)
d(d− 2)(d+ 4)Vb∂t∂bRˆa
+
8(d− 1)(d+ 2)
d(d− 2)(d+ 4) Rˆb∂t∂bVa +
4(d− 1)(d+ 2)
d(d − 2)(d+ 4) Wˆbi∂ibRˆa +
4(d− 1)(d+ 2)
d(d − 2)(d+ 4)∂aWˆbi∂iRˆb
− 4(d− 1)(d+ 2)
d(d− 2)(d+ 4)∂bWˆai∂iRˆb −
(d− 1)2(d+ 2)
(d− 2)3(d+ 4)∂tXˆ∂aV −
(d− 1)2(d+ 2)
(d− 2)3(d+ 4)∂tV ∂aXˆ
− 4(d− 1)
2(d+ 2)
d(d− 2)2(d+ 4)∂aVb∂bXˆ −
4(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)∂tZˆab∂bV +
8(d− 1)(d+ 2)
d(d− 2)(d+ 4) Zˆbi∂ibVa
+
8(d− 1)(d+ 2)
d(d− 2)(d+ 4)∂aZˆbi∂iVb −
8(d− 1)(d+ 2)
d(d− 2)(d+ 4)∂bZˆai∂iVb +
(d− 3)(d− 1)3(d+ 2)
2(d− 2)5(d+ 4) V ∂tV ∂aK
+
(d− 3)(d− 1)3(d+ 2)
2(d− 2)5(d+ 4) V ∂tK∂aV +
(d− 3)(d− 1)3(d+ 2)
2(d− 2)5(d+ 4) K∂tV ∂aV
− (d− 3)
2(d− 1)2(d+ 2)
(d− 2)5(d+ 4) ∂tK∂aK +
2(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) ∂tK∂tVa
+
(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) Va∂
2
tK −
(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) K∂
2
t Va
+
(d− 3)(d− 1)2(d+ 2)
(d− 2)4(d+ 4) Vb∂aK∂bV +
(d− 3)(d− 1)2(d+ 2)
(d− 2)4(d+ 4) Vb∂aV ∂bK
− 2(d− 3)(d− 1)
3(d+ 2)
d(d − 2)4(d+ 4) Va∂bV ∂bK +
2(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) ∂tWˆab∂bK
+
4(d− 3)(d− 1)2(d+ 2)
d(d − 2)3(d+ 4) ∂aRˆb∂bK
)
xˆija +
(d− 1)4(d+ 2)
2(d− 2)5(d+ 4)VΨ
∂aV
ijb ∂t∂bV ∂aV
+
(d− 1)4(d+ 2)
2(d− 2)5(d+ 4)Ψ
∂bV
ija ∂tV ∂aV ∂bV +
(d− 1)4(d+ 2)
2(d− 2)5(d+ 4)VΨ
∂bV
ija ∂tV ∂baV
− 2(d− 1)
3(d+ 2)
d(d− 2)3(d+ 4)VΨ
∂aV
ijb ∂
2
t ∂bVa −
2(d− 1)3(d+ 2)
d(d − 2)3(d+ 4)Ψ
∂bV
ija ∂
2
t Vb∂aV
+
(d− 1)3(d+ 2)
(d− 2)4(d+ 4)VaΨ
∂bV
ijk ∂bV ∂kaV +
(d− 1)3(d+ 2)
(d− 2)4(d+ 4)VbΨ
∂aV
ijk ∂bV ∂kaV
+
(d− 1)3(d+ 2)
(d− 2)4(d+ 4)Ψ
∂bV
ijk ∂aV ∂bV ∂kVa +
2(d− 1)4(d+ 2)
d(d − 2)4(d+ 4)Ψ
∂kV
ijb ∂aVk∂aV ∂bV
+
2(d− 1)4(d+ 2)
d(d− 2)4(d+ 4)VΨ
∂bV
ijk ∂aV ∂kaVb +
2(d− 1)4(d+ 2)
d(d − 2)4(d+ 4)VΨ
∂aV
ijk ∂bVa∂kbV
− 8(d− 1)
2(d+ 2)
d(d− 2)2(d+ 4)VaΨ
∂bV
ijk ∂t∂kaVb −
8(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)Ψ
∂kV
ijb ∂t∂aVk∂bVa
+
2(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)Ψ
∂bV
ijk ∂t∂kWˆab∂aV +
2(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)Ψ
∂kV
ijb ∂tWˆak∂baV
− 4(d− 1)
2(d+ 2)
d(d− 2)2(d+ 4)WˆabΨ
∂lV
ijk ∂kbaVl −
4(d− 1)2(d+ 2)
d(d − 2)2(d+ 4)Ψ
∂lV
ijk ∂bVa∂lkWˆab
+
4(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Ψ
∂kV
ijl ∂bVa∂laWˆbk −
4(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Ψ
∂lV
ijk ∂kbVa∂lWˆab
+
4(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Ψ
∂lV
ijk ∂aWˆbl∂kbVa −
4(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)Ψ
∂aV
ijl ∂kbVa∂lWˆbk
− 2(d− 1)
2(d+ 2)
d(d− 2)2(d+ 4)Ψ
∂aV
ijb ∂
2
t ∂bRˆa +
4(d− 1)3(d+ 2)
d(d − 2)3(d+ 4)Ψ
∂bV
ijk ∂bRˆa∂kaV
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+
4(d− 1)3(d+ 2)
d(d− 2)3(d+ 4)Ψ
∂kV
ijb ∂aV ∂kbRˆa −
(d− 3)(d− 1)3(d+ 2)
(d− 2)5(d+ 4) Ψ
∂aV
ijb ∂t∂bV ∂aK
− (d− 3)(d− 1)
3(d+ 2)
(d− 2)5(d+ 4) Ψ
∂aV
ijb ∂t∂bK∂aV −
(d− 3)(d− 1)3(d+ 2)
(d− 2)5(d+ 4) Ψ
∂bV
ija ∂tV ∂baK
− (d− 3)(d− 1)
3(d+ 2)
(d− 2)5(d+ 4) Ψ
∂bV
ija ∂tK∂baV −
4(d− 3)(d− 1)3(d+ 2)
d(d− 2)4(d+ 4) Ψ
∂bV
ijk ∂bVa∂kaK
− 4(d− 3)(d− 1)
3(d+ 2)
d(d − 2)4(d+ 4) Ψ
∂kV
ijb ∂aK∂kbVa,
SVIINC3PN =
(
− (d− 1)
2(d+ 2)
8(d− 2)3(d+ 4)(d+ 6)∂tV ∂aV −
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)(d+ 6)∂aVb∂bV
+
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)(d+ 6)∂bVa∂bV
)
r2xˆija,
SVIINC4PN =
(
− (d− 1)
3(d+ 2)
4(d− 2)4(d+ 4)(d+ 6)V ∂tV ∂aV −
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)(d+ 6)∂tV ∂tVa
+
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)(d+ 6)V ∂
2
t Va −
(d− 1)2(d+ 2)
2d(d− 2)3(d+ 4)(d+ 6)Vb∂aV ∂bV
− (d− 1)
3(d+ 2)
2d(d− 2)3(d+ 4)(d+ 6)V ∂aVb∂bV +
(d− 1)2(d+ 2)
4(d− 2)3(d+ 4)(d+ 6)Va∂bV ∂bV
+
(d− 1)3(d+ 2)
2d(d− 2)3(d+ 4)(d+ 6)V ∂bVa∂bV +
2(d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)Vb∂t∂bVa
− (d− 1)
2(d+ 2)
2d(d− 2)2(d+ 4)(d+ 6)∂tWˆab∂bV +
(d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)∂bWˆ∂bVa
+
(d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)Wˆbi∂ibVa +
(d− 1)(d+ 2)
d(d − 2)(d+ 4)(d+ 6)∂aWˆbi∂iVb
− (d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)∂bWˆai∂iVb −
(d− 1)(d+ 2)
d(d− 2)(d+ 4)(d+ 6)∂iWˆab∂iVb
− (d− 1)
2(d+ 2)
d(d− 2)2(d+ 4)(d+ 6)∂aRˆb∂bV +
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)(d+ 6)∂bV ∂bRˆa
+
(d− 3)(d− 1)2(d+ 2)
4(d− 2)4(d+ 4)(d+ 6)∂tV ∂aK +
(d− 3)(d− 1)2(d+ 2)
4(d− 2)4(d+ 4)(d+ 6)∂tK∂aV
+
(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4)(d+ 6)∂aVb∂bK −
(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4)(d+ 6)∂bVa∂bK
)
r2xˆija,
SVIIINC4PN =
(
− (d− 1)
2(d+ 2)
32(d− 2)3(d+ 4)(d+ 6)(d+ 8)∂tV ∂aV −
(d− 1)2(d+ 2)
8d(d− 2)2(d+ 4)(d+ 6)(d+ 8)∂aVb∂bV
+
(d− 1)2(d+ 2)
8d(d− 2)2(d+ 4)(d+ 6)(d+ 8)∂bVa∂bV
)
r4xˆija,
V IVC4PN = − (d− 1)(d+ 2)
24d(d− 2)(d+ 4)(d+ 6)(d+ 8)(d+ 10)r
6xˆijaσa,
T INC2PN =
(d− 1)2(d+ 2)
8d(d− 2)2(d+ 1)(d+ 6) xˆijab∂aV ∂bV,
T INC3PN =
( (d− 1)2(d+ 2)
2d(d− 2)2(d+ 1)(d+ 6)(∂tVa∂bV + ∂tVb∂aV )−
(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)∂iVb∂iVa
− (d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)∂aVi∂bVi +
(d− 1)(d+ 2)
d(d − 2)(d+ 1)(d+ 6)(∂aVi∂iVb + ∂bVi∂iVa)
− (d− 3)(d− 1)
2(d+ 2)
4d(d− 2)3(d+ 1)(d+ 6)(∂aK∂bV + ∂aV ∂bK)
)
xˆijab,
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T INC4PN =
(d− 1)3(d+ 2)
2d(d− 2)3(d+ 1)(d+ 6)(∂tVa∂bV + ∂tVb∂aV )V xˆijab +
(−1 + d)2(2 + d)
2(−2 + d)3d(1 + d)(6 + d)Vaxˆijab∂tV ∂bV
+
(−1 + d)2(2 + d)
2(−2 + d)3d(1 + d)(6 + d)Vbxˆijab∂tV ∂aV +
2(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6) xˆijab∂tVa∂tVb
+
(d− 1)2(d+ 2)
d(d− 2)2(d+ 1)(d+ 6)(∂aV ∂iVb + ∂bV ∂iVa)Vixˆijab −
(−1 + d)2(2 + d)
(−2 + d)2d(1 + d)(6 + d)Vaxˆijab∂iVb∂iV
− (−1 + d)
2(2 + d)
(−2 + d)2d(1 + d)(6 + d)Vbxˆijab∂iVa∂iV +
(−1 + d)2(2 + d)
(−2 + d)2d(1 + d)(6 + d)Vaxˆijab∂bVi∂iV
+
(−1 + d)2(2 + d)
(−2 + d)2d(1 + d)(6 + d)Vbxˆijab∂aVi∂iV +
(d− 1)2(d+ 2)
4d(d− 2)2(d+ 1)(d+ 6)Wˆ xˆijab∂aV ∂bV
− (−1 + d)
2(2 + d)
2(−2 + d)2d(1 + d)(6 + d)Wˆaixˆijab∂bV ∂iV −
(−1 + d)2(2 + d)
2(−2 + d)2d(1 + d)(6 + d)Wˆbixˆijab∂aV ∂iV
− (d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂tWˆai∂bVi + ∂tWˆbi∂aVi)xˆijab +
(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂tWˆai∂iVb
+ ∂tWˆbi∂iVa)xˆijab +
(d− 1)(d+ 2)
2d(d− 2)(d+ 1)(d+ 6) xˆijab∂aWˆij∂bWˆij
− (d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂aWˆij∂jWˆbi + ∂bWˆij∂jWˆai)xˆijab
+
(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6) xˆijab∂iWˆbj∂jWˆai +
(d− 1)(d+ 2)
d(d − 2)(d+ 1)(d+ 6) xˆijab∂jWˆbi∂jWˆai
+
(d− 1)2(d+ 2)
d(d− 2)2(d+ 1)(d+ 6)(∂tRˆa∂bV + ∂tRˆb∂aV )xˆijab +
2(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂aRˆi∂iVb
+ ∂bRˆi∂iVa)xˆijab − 2(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂iVa∂iRˆb + ∂iVb∂iRˆa)xˆijab
− 2(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂aRˆi∂bVi + ∂aVi∂bRˆi)xˆijab +
2(d− 1)(d+ 2)
d(d− 2)(d+ 1)(d+ 6)(∂aVi∂iRˆb
+ ∂bVi∂iRˆa)xˆijab +
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 1)(d+ 6)(∂aV ∂bXˆ + ∂aXˆ∂bV )xˆijab
+
(d− 3)2(d− 1)2(d+ 2)
2d(d− 2)4(d+ 1)(d+ 6) xˆijab∂aK∂bK −
(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 1)(d+ 6)(∂tVa∂bK + ∂tVb∂aK)xˆijab,
T IINC3PN =
(d− 1)2(d+ 2)
16d(d− 2)2(d+ 1)(d+ 6)(d+ 8)r
2xˆijab∂aV ∂bV,
T IINC4PN =
(
− (d− 3)(d− 1)
2(d+ 2)
8d(d− 2)3(d+ 1)(d+ 6)(d+ 8)(∂aK∂bV + ∂aV ∂bK)
+
(d− 1)2(d+ 2)
4d(d− 2)2(d+ 1)(d+ 6)(d+ 8)(∂tVa∂bV + ∂tVb∂aV )
− (d− 1)(d+ 2)
2d(d− 2)(d+ 1)(d+ 6)(d+ 8)∂iVb∂iVa −
(d− 1)(d+ 2)
2d(d− 2)(d+ 1)(d+ 6)(d+ 8)∂aVi∂bVi
+
(d− 1)(d+ 2)
2d(d− 2)(d+ 1)(d+ 6)(d+ 8)(∂aVi∂iVb + ∂bVi∂iVa)
)
r2xˆijab,
T IIINC4PN =
(d− 1)2(d+ 2)
64d(d− 2)2(d+ 1)(d+ 6)(d+ 8)(d+ 10)r
4xˆijab∂aV ∂bV.
Finally we present the surface terms. The terms of the Laplacian type should be multiplied
by the operator xˆij∆ for the scalar (S) terms, and by xˆija∆ for the vector (V) terms. The
terms of the divergence type should be multiplied by a spatial derivative ∂a.
SISL1PN = − (d− 1)
2
8(d− 2)2V
2,
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SISL2PN = − (d− 1)
3
12(d− 2)3V
3 +
(d− 3)
2(d− 2)VaVa −
(d− 1)
4(d− 2)V Wˆ +
(d− 3)(d− 1)2
2(d− 2)3 KV,
SISL3PN = − (d− 1)
4
24(d− 2)4V
4 +
(d− 3)(d− 1)
(d− 2)2 V VaVa −
(d− 1)2
4(d− 2)2V
2Wˆ − 1
4(d− 2)Wˆ
2 +
1
2(d− 2)WˆabWˆab
+
2(d− 3)
d− 2 RˆaVa −
(d− 1)2
(d− 2)2V Xˆ −
(d− 1)
d− 2 V Zˆ +
(d− 3)(d− 1)3
2(d− 2)4 KV
2 − (d− 3)
2(d− 1)2
2(d− 2)4 K
2
+
(d− 3)(d− 1)
2(d− 2)2 KWˆ,
SISL4PN = − (d− 1)
5
60(d− 2)5V
5 +
3(d− 3)(d− 1)2
2(d− 2)3 V
2VaVa − (d− 1)
4(d− 2)V Wˆ
2 − (d− 1)
3
6(d− 2)3V
3Wˆ +
2(d− 3)
d− 2 RˆaRˆa
− (d− 1)
d− 2 Wˆ Xˆ −
2
d− 2Wˆ Zˆ +
4
d− 2WˆabZˆab +
4(d− 3)
d− 2 VaYˆa −
4(d− 1)2
(d− 2)2 Tˆ V +
4(d− 1)
(d− 2)2 MˆV
+
(d− 3)(d− 1)3(3d− 2)
12(d− 2)5 KV
3 − (d− 5)(d− 3)(d− 1)
(d− 2)3 KVaVa +
2(d− 3)(d− 1)2
(d− 2)3 KXˆ
+
2(d− 3)(d− 1)
(d− 2)2 KZˆ,
V ISL2PN =
(d− 1)2(d+ 2)
2d(d− 2)2(d+ 4)V Va,
V ISL3PN =
(d− 1)3(d+ 2)
4d(d− 2)3(d+ 4)V
2Va +
(d− 1)(d+ 2)
d(d− 2)(d+ 4)VaWˆ −
(d− 1)(d+ 2)
d(d− 2)(d+ 4)VbWˆab +
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4) RˆaV
− (d− 3)(d− 1)
2(d+ 2)
d(d− 2)3(d+ 4) KVa,
V ISL4PN =
(d− 1)(d+ 2)
(d− 2)2(d+ 4)VaVbVb +
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)V VaWˆ −
(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)V VbWˆab
+
(d− 1)3(d+ 2)
d(d − 2)3(d+ 4)RˆaV
2 +
2(d− 1)(d+ 2)
d(d − 2)(d+ 4) RˆaWˆ −
2(d− 1)(d+ 2)
d(d− 2)(d+ 4) RˆbWˆab +
2(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)VaXˆ
+
4(d− 1)(d+ 2)
d(d − 2)(d+ 4)VaZˆ −
4(d− 1)(d+ 2)
d(d − 2)(d+ 4)VbZˆab +
2(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)V Yˆa
− (d− 3)(d− 1)
3(d+ 2)
d(d− 2)4(d+ 4) KV Va −
2(d− 3)(d− 1)2(d+ 2)
d(d− 2)3(d+ 4) KRˆa,
SISD2PN =
(d− 1)
2(d− 2)(Ψ
∂bkV
ai ∂jWˆbk − Wˆbk∂aΨ∂bkVij ),
SISD3PN = − 4(d− 1)
d− 2 Ψ
∂bVk
ai ∂kjRˆb +
4(d− 1)
d− 2 ∂aΨ
∂bVk
ij ∂kRˆb +
2(d− 1)
d− 2 Ψ
∂tbV
ai ∂jRˆb −
2(d− 1)
d− 2 Rˆb∂aΨ
∂tbV
ij
+
2(d− 1)
d− 2 Ψ
∂bkV
ai ∂jZˆbk −
2(d− 1)
d− 2 Zˆbk∂aΨ
∂bkV
ij ,
SISD4PN = − 8(d− 1)
d− 2 Ψ
∂bVk
ai ∂kj Yˆb +
8(d− 1)
d− 2 ∂aΨ
∂bVk
ij ∂kYˆb +
4(d− 1)
d− 2 Ψ
∂tbV
ai ∂j Yˆb −
4(d− 1)
d− 2 Yˆb∂aΨ
∂tbV
ij
+
4(d− 1)
d− 2 Ψ
∂bkV
ai ∂jMˆbk −
4(d− 1)
d− 2 Mˆbk∂aΨ
∂bkV
ij ,
V ISD3PN =
2(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)(Ψ
∂kV
aib ∂kjRˆb − ∂aΨ∂kVijb ∂kRˆb),
V ISD4PN =
4(d− 1)2(d+ 2)
d(d− 2)2(d+ 4)(Ψ
∂kV
aib ∂kj Yˆb − ∂aΨ∂kVijb ∂kYˆb).
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